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FOREWORD

This technical report was written in the Applied Mathematics Section, Science
and Mathematics Research Group, Warfare Analysis Department. Most of the work
and all of the machine computations were done in 1974 and 1975. However, the
essential mathematical steps of the present method were developed in 1968 shortly
after the publication by D.R. Weidman and M.P. Brunnor of their model for the
solution of the same problem. See NWL Technical Note TN-K/21-68. ',.

Relased by:•6 I
RALPH A. NIEMANN
Head, Warfare Analysis Department
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I

ABSTRACT

A solution by deterministic methods is described of the problem of computing
the single-shot kill probability of a point target at a random point from a uniform
distribution over the interior of an arbitrary ellipse in the plane, given that the distri-
bution of shots is uncorr¢lated bivaflate normal with respect to a rectangular coordi-
nate system in the plane, and that the weapon has a cookie-cutter damage function
with prescribed lethal radius R. This solution has been programmed at NSWC,
Dahlgren Laboratory. The numerical evaluation of a double integral, whose integrand
contains the so-called elliptic coverage function, is required. Computer results clearly
show the superiority of this solution over a non-deterministic, Monte Carlo method

of Weidman and Brunner,
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1. INTKODUICTION

The problem treated in this report is as follows. A bomb falls in an uncorre-
lated bivariate normal distribution, with standard deviations ah and ak and mean
point at the origin, wvith respect to a rectangular Cartesian coordinate system Chk.
The bomb is assumed to have a known lethal radius R and a cookie-cutter lethalil y
function; that is, everything is destroyed in a circle of radius R with the impact
point as center, and nothing is damaged outside this lethal circle. This lethality or
damage function has been used in many weapons effectiveness studies.

An ellipse of semi-axes a and b, a >_ b, is given, with center at a known point
(u, v) in the Chk system and the major axis making a known angle 0 (phi) with the
h-axis (see Figure 1). A point target Is at an unknown random position in the

interior of the ellipse, governed by a uniform distribution over the area of the
ellipse. It is required to find the probability PK that the point target is destroyed by

[ .a single bomb.

An expression for PK is derived in terms of a double integral, (2-12) or (2-13),
which must be evaluated numerically. The expression Is a function of eight variables,
u, v, 0, a, b, R, oh, ok, of which seven are Independent. We could normalize with

respect to R, or ah, or in other ways, and thus reduce the number of variables by one.

The variables of integration in (2-12) and (2-13) are r and 0, parametric coordi-
nates in the ellipse. In each element of area, the function P(h, k, a, ak R) is ,

evaluated by NSWC/DL subroutine PKILL, the coordinates (h, k) of the impact 4

point of the bomb being expressed in terms of u, v, c (- b/a), 0, r and 0 (2-11).
This subroutine is based on (21, and c3mputes the probability that a single bomb,
falling in an elliptical normal distribution of the type described above, will fall in a
circle of center (h, k) and radius R.

In special cases, namely when and only when a. = Uk, we can use NSWC sub-
routine CIRCV, computing the circular coverage function [51, Instead of PKILL.
CIRCV is at least ten times faster than PKILL. Subroutine CIRCV computes the
probability P(R, d) that a single bomb, falling In a standard circular normal distil-
button, i.e., ah = o , 1, will fall in a circle of radius R with center offset a distance ,4
d from the mean point of the distributiun. Further details on this special case are 1
given in Appendix A.

. ... .
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This method, referred to hereafter as the DJH method, in cont: 5st to a different
approach discussed below, and in [ 11: is entirely deterministic. The accuracy of the
computed PK is limited only by that of the numerical evaluation of the double
integral. If an iterative numerical double integration routine Is used with successive
halving of the step sizes in each direction, PK can be computed to any reasonable
accuracy level by continuing the iterations until successive iterates agree with each
other within a preassigned tolerance. A FORTRAN listing of tile program is given
in Appendix F.

A non-deterministic, Monte Carlo method is used in [1]. A simulated bomb
impact point (h, k) is determined by the use of random normal numbers. One
then computes the area common to the ellipse and the lethal circle, i.e., the circle
of center (h, k) and radius R. The conditional probability of destruction of the point
target, given that the bomb hits at (h, k) is then given by the ratio of this common
area to the total area of the ellipse. This follows from the uniform distribution of
the target positions throughout the interior of the ellipse. By replicating this proce-
dure a large number of times and taking the mean of the conditional probabilities,
an approximation P is obtained to the overall kill probability PK.

The method used in (1] for estimating the error in computing Pt Kis to use the
probable error (P.E.). However, their expression for this quantity is not correct. The
correct expression is given by

P.E. = 0.6745 ( -(-)

where p, (I = 1,2,...,n) is a conditional probability as described above, and Y is the
mean of these n conditional probabilities. This mean, P, is the estimate obtained
for the kill probability, PK' by the particular simulation involving the n conditional
probabilities.

The validity of (1-1) is established in Appendix C. Although this corrected
formula for the P.E., being smaller than the incorrect formula by a factor lI/V " ýI
(see (C6)), puts their method in a better light, the computer results in Section 3
show, not surprisingly, the superiority of the method (DJH) of this report for
computing P" K

See Appendix C for a detailed discussion of the P.E. in the Weidman-Brunner
(WB) method.

1kI
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2. DESCRIPTION OF DJH METHOD

The geometry of '6he problem is shown in Figure 1. A bomb falls in an uncorre-
lated bivariaite normal distribution centered at C, the origin of the rectangular
Cartesian coordinate systein Chk, with standard deviations a h and a k along the h- and
k-axes, respectively. In general a h > a If a h ak we have a special case (Appen-

- ~dix A)~. The probability density function of the impact point of the bomb is

1 1 h2 2

kf 0~h 0 k 2 0 h2ak2)

'V

Figure 1. Geomectry of the Problem

4It is assumed that th~e bomb has a cookie-cutter lethality function with known
lethal radius R (see first paragraph of Section 1).
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A point target is located at a random point from a uniform distribution over
the area of a given ellipse, centered at a point 0 with known coordinates (u, v) in
the Chk system. The semi-axes are a, b, with i> b in general. If a = b, the ellipse
Is a circle, and this is a special case (Appendix A). The major axis of the ellipse is
inclined at a known angle 0 to the h-axis, measured positive counterclockwise from
the h-axis and in the range -- 90 < 0 < 90 degrees.

A rectangular coordinate system Oxy is set up with origin at ), the center of
the ellipse, and x- and y-axes along the major and minor axes, respectively.

We shall need the equations of transformation from the Oxy to the Chk
coordinate system. We set up an intermediate system Ox'y' (Figure 1), with the
x'- and y'-axes parallel to the h- and k-axes, respectively. Then the equations of
translation between the Chk and Ox'y' systems, and of rotation through the given
angle 0 from the Ox'y' to the Oxy system, are the following:

h x X+ u

k y' + v (

X' = x C s0 Y Sl (2 -2)y' -x sine I; y o

Combining (2-1) with (2-2), we get the following equations of transformation from
the Oxy to the Chk system, in terms of the constants u, v, and €.

h-- u + x cos 0 - y sin 0hw~v+xosi +ycosln (2-3)
k-v + x sin 0 + y cos 0

The equation of the ellipse (Figure 1) in the Oxy system is

x- + Y (2-4)

a2  b2

Let b/a - c, with 0 < c < I except in the special case In which the ellipse is a circle

(Appendix A), when c - 1.

We represent points on or inside the ellipse by curvilinear coordinates, r, 0,
where

x - r cos 0
,ymcr sin~ (2-5)

4
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The curvilinear coordinates, r, 0 can be given geometrical significance in the
following way. Since b ac, (2-4) is equivalent to

X2 + . j2(2-6)
c2

and if we putJ

(2-7)

we have

+ 12 * 2  (2-8)

or, the ellipse corresponds to a circle of radius a in the ~ti?-plane; while for interior.
points in the ellipse, (2-5) and (2-7) give

r cos 0 (2-9
n rsino)

(2r8, rand 0 are polar coordinates onl and inside the auxiliary circle represented byBy a standard theorem In analysis (for example, see (3, p. 3481), the element
of area dA or dx dy transforms in the following way

dA= drx) ddo ar r drO
a a(r,6) ax a y

I Cos 0 c sill 0
--.rain ocrcosel dr0~rr0(2-10)

ja(x,y)/8(r,O)I being the Jacobian determinant.

51



Subroutine PKILL, or the elliptical coverage routine, [21, does the following
calculation. Suppose we are given a rectangular coordinate system Chk and a bomb
falling in an uncorrelated bivariate normal distribution with mean point C and standard
deviations ah and u as in the present problem. Suppose we are also given a circle
with the center at a given point (h, k) and a given radius R. This subroutine computes
the probability P(h, k, ah P, ak, R) that a single bomb falls in the given circle. This
probability, computed by subroutine PKILL, is also designated as PKILL' but PKILL

should not be confused with the overall single shot kill probability PK computed by
the DJH or the WB method of this report. Suppose that the lethal radius of the bomb,
with the so-called cookie-cutter damage function, is also R, say 50 feet (this of course
is the reason for taking this constant R as one of the input parameters in computing
P(h, k, ahP k, R)). Then a point target at (h, k) is destroyed if, and only if, the
impact point of the bomb Is in the given circle centered at (h, k). It is obvious from
a simple geometrice.l figure that the point (h, k) is in the lethal circle of the bomb,
if, and only if, the bomb's impact point is in the circle of radius R centered at (h, k).
Thus, the ringle shot probability of destruction of the point target at (h, k) Is given
by P(h, k, ah, )a, R) as computed by subroutine PKILL.

We proceed to set up the double Integral whose value, designated as PK, is
the probability of destruction of the point target at a random point from a uniform
distribution over the area of the given ellipse. Given any element of area cr dr dO
of the ellipse (2-6), the probability that the point target lies in this element of area
is cr dr dO/(rab), the ratio of the area of the element to the entire area of the ellipse,
since the distribution of the target position Is uniform over the ellipse. If the target
does lie In this element of area, and if a representative point in the element has
coordinates (h, k) In the Chk s estem (all points of the element have the same coordi-
nates, neglecting infinitesimals of higher order), then the conditional probability of
destruction of the target is P(h, k, ah, Uk9 R) cr dr do/e(rab). The coordinates of the
point being (x, y) in the Oxy system, or (r, 0) in curvilinear coordinates, the (h, k)
coordinates of the point, by (2-3) and (2-5) are given by

hf=iu+rcos0 cos -- crsin0 sin¢
k=v+rcos0 sin +crsin0 cost '' (2-1l)

u, v, and 0 being constants. Hence the conditional probability of destruction of the
target, given that it lies in the element of area cr dr do, is

P(u + r cos 0 cos 0 .-- cr sin 0 sin 0, v + r cos 0 sin
+ cr sin 0 cos 0, uh, oa, R) cr dr dO/Grab),

6
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which could be written more briefly as P(h, k, oh, akt R) cr dr do/(7rab), with h, k
given by (2-11).

The overall kill probability PK is obtained by integrating these conditional
probabilities over the entire ellipse, since the target must be somewhere in the
ellipse. The curvilinear coordinate r goes from 0 to a (every point on the ellipse
having this coordinate r = a), and 0 from 0 to 27r, There is no symmetry here, in
general, because of the arbitrary position of the ellipse in the Chk system (Figure
1), so that 0 must be integrated through all four quadrants, 0 to 27r. The result is

Pg l--f21r Kapu +r cose cso -crsino sino,v +rcos0 sin 0ra

Ira f'vf'u

+cr sin 0 cos , o 0 k R) . r dr do (2-12)

Here we have replaced c/(irab) by c/(lra * ac) or (1/ira 2 ). This can be written more
compactly as

I21r ,a
P J J P(h, k, ou R). r dr do (2-13)*

with h, k given by (2-11). The P functions on the right are computed by subrou-
tinc PKILL. The double integral as written in (2-12) or (2-13) is now ready for
evaluation by a numericnl dout- integration subroutine, which will treat the variables
r and 0 as dummy variables like the variables of Integration in any double inte-
gral, so that their geometrical significance as curvilinear coordinates In the ellipse, or
polar coordinates in an auxiliary circle, is no longer relevant to the calculation.

One fact that we can deduce froni (2-12) or (2-13), and which is of some
'I theoretical significance, and is useful in designing test cases and criteria for deter-

mining cases in which P. - 1 or PK - 0, is that the computed value of the kill
probability, PK' is simply the space average, over the ellipse of integration, of the
values of the elliptical coverage function P(h, k, oh' ak R), appearing in the integrand
in (2-13) and computed by subroutine PKILL, [2].

i*See note, page 29, regarding h and k.

7
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We can prove this in the following way. Let 1, denote the average value of
11(h, k, aoh, ok, R). Then 1

- f Pfh, k, oh. 0 k, R) dA/J fdA (2-14)

where each double integration, in the parametric variables r and 0, is over the ellipse
of integration. Since dA = cr dr do by (2-10), we then have

fP(h, k, ah, ok, R) cr dr do

fc rd(2-15)r c dr dO

Now we move the two factors of c outside their respective integral signs and cancel
them, and trivially evaluate the integral

J' idrdo as a 2 ,
JO JO

so that we have

if.1 f 2 rf a P(h, k, h k R) r dr dO (2-16)

which is the same as the expression for the kill probability PK in (2-13), so that we
have

S"-K (2-17)

as stated.

I.,.
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3. NUMERICAL RESULTS

The basic equation for the computation of the kill probability PK by the DJH
method is (2-1 2), or equivalently, (2-13), with h,k given by (2-1 1). We have to eval-
uate numerically a double integral, and we have to call the subroutine PKILL, com-
puting the elliptical coverage function P(h, k, ah I ,k R), [21, for each point used in
the integration.

The double integration routine used is a CDC software routine, using Simpson's
rule in each dimension, provided by Control Data Corporation, manufacturer of the
CDC 6700 machine, This routine allows for the selection of different tolerances for
the horizontal and vertical integrations. However, the authors of the present report
did not give systematic study to the selection of these tolerances until several of the
cases in the testing program required an excessive amount of computing time, more
than one minute in some cases (page 16). The error analysis which was then worked
out, as well as a detailed description of the integration method, is given later in this
section, pages 21-29. Here we give a brief general description of the method, assuming
that the positive tolerances, denoted as e0 and el, have been appropriately chosen.

We follow here the notation of (3-1) and Figure 3 (page 22), the Integrand
F(x, y) being unspecified and the integral being regarded as an iterated one. For each
integration point y - s used in the vertical integration (with respect to y), the single

integral Iaa F(x, s) dx or f(s) is approximated by Shnpson's rule.

We give first an overall summary of the two integrations, followed by a few more
details, but for fuller details see pages 21-29. For a given y ,a s, where c< sý d, the

exact value of the integral jabF(x, s) dx is denoted by T, and the Simpson approxima-

tion by I1. The calculation of I, involves a tolerance which is denoted here as eo. A
function of y, namely I• or I, Is thereby defined on [c, d]. This function, in general,
has discontinuities at values of y for which the number of subintervals of [a, b]
changes, say from 16 to 32,subintervals (or from 17 to 33 points), but because of the
smooth and slowly changing integrand here, (2-12), we can assume that the points of

discontinuity are finite in number and, therefore, the integral Jcdly dy is approxi-

mated by Simpson sums L(d - c)/3n] 2 ki III as the number of integration points be-

comes infinite, the multipliers k, being the familiar Simpson factors 1,4,2,4,...,2,4,l.

* 9
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An overall tolerance e, say c = 0.005, is specified. The objective is to use suffi-
cient points in both the horizontal and the vertical integrations so that we have a high
degree of confidence, on heuristic grounds at least, that the final approximation I Is
within e of the true value of the double integral; or, II - TI < v. The tolerance eo
referred 'o above, and a tolerance e1 used in the vertical integration (with respect to
y), depend on e in a manner indicated below.

For a given y, or s, sufficient points oil [a, b) are taken to give a high degree of
confidence that the approximation 1, is within a of the exact value T or AbF(x, s) dx.

The usual rule in practice Is that two successive Simpson sums b 3 ? kn 1 (X1,),

and k3a " ki F(xv, s) (where n2 a 2n,, the xe's, I a O, l,...,n2 are equally spaced

on [a, b], with the x,'sj - 0, 1,...,n, also equally spaced at half tile mesh length of the
x 's) agree with each other within eo. A stricter criterion could be usud If desired, for
example, that of three successive Simpson sums, the largest and smallest must be
within eo of each other. But, once a criterion has been selected, it will be applicable
for every value of y or s on Ic, d], and a function Iy Is defined on [c, d) as described
above. Note that different numbers of points on [a, b], in general, are used on differ-
ent horizontal lines, i.e., for different values of y or s. This Is already implied by the
remarks above regarding discontinuities in ly at values of y for which the number of
points on [a, b] changes,

It is shown that the integral fdI dy differs by less than (d - c) e from the

exact value of the double integral, fcdTy dy or T (3-8). But a sufficient number of
points on Ic, dJ are taken so that (to a high degree of confidence at least) the approxi-
mating Simpson sum n : k1 I (or d - c ; k I ) is within e of the value of the

3na s 3n ~~
integral f.dIY dy (3-10), where eI, like eo, is one of the tolerances depending on the

overall tolerance e. Therefore, the final Simpson approximation, 3n Z ki l, in the
vertical integration, Is within (d - c) e + a1 of the exact value T of the double

Integral (3-13).

This sum, (d - c) e + e , is equated with the overall tolerance e (3-15). The
tolerances c0 and e, may be chosen in any manner such that this equality is satisfied.

10
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The most obvious choice Is eo = e, in which case each of these tolerances has the
value e/[1 + (d - c)] (3-17).

We now consider in slightly more detail the computation by Simpson's rule of

a typical one of the horizontal integrals (i.e., with respect to x) Ia F(x, s) dx, where
s Is some fixed value of y on [c, d]. If n subintervals of [a, bi are used, or n + 1
points, n being an even irteger, the Simpson's rule approximation is

b-a n ki~v)b-a IFas+Fab-a

1, k F(x,, s) F(a, s) + 41(a + -- s)

+ 2F(a + 2---, q) +.. + 4F[a + (n -- 1).b -, sa + F(b, s)
n n

The step size (b - a)/n is repeatedly reduced by successive doubling of n until we reach
a value such that If&,. - l,.I < to, in case the usual criterion described above is used.
A similar method is used in the vertical integration, with tolerance e t

First we give the numerical values taken by the input parameters oh, PU, R, u,
v, a, b, and 0 in the Table E3 in final form as they appear in this technical report,
pages 61 through 11. Actually, values are assigned to the ratio b/a rather than to b
itself. Later in this section, we discuss the testing program involving both the DJH
and WB methods, and such topics as simple tests for detecting cases In which PK im 0
or I without performing the double integration of (2-12) or (2-13), and the error
analysis for the method of double integration as used in the DJH program, in the
general case where PK is not near 0 or 1.

The standard deviation oh takes the value 1 in every case because of the normali-
zation which is used, a takes the vr lues 0.1, 0.5, 1, and 2 on every page; the ratio b/a
always takes the values 0.2, 0.5, 0,8, and 1; and the angle 0 takes the values 00, 450,
900, and -45° on every page. Therefore, the only parameters whose values can vary
from page to page are R, uo, u, and v (see Table 1), and these are the parameters
whose values are listed in the appended table. The total number of cases in the main
table (Table E3) is 59,904, on 51 pages, 61 to 111.

11 i
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Table 1. Values of R, ak, u, and v for Main Table (E3)

Values Values
of of

Pages R 0k Values of u Values of v

61-64 0.25 0.2,0.5,0.8,1 0,0.5,1,1.5,2 0,0.25,0.50,1

65-68 0.50 0.2,0.5,0.8,1 0,0.5,1,1.5,2 0,0.25,0.50,1

69-72 0.75 0.2,0.5,0.8,1 0,0.5,1,1.5,2 0,0.25,0.50,1

73-80 1 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

81-88 1.5 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

89-96 2 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1
(See Note)

97-100 2.5 0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

101- 3 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1
108

109- 4 1 0,0,5,1,2,2.5,3,3.5,4, 0,0,25,0.S0,1
111 4.5,5,5.5,6

Note: For R 2, oak =02: v - 0, 0.25, 0.50, 1.50

But for R - 2, ak -0.5, 0.8, 1: v a 0,0.25,0.50, 1

The tolerance, or e in the error analysis, is generally 0.005, indicating that,
although the main table gives values of PK to three decimal digits, the third digit
may be incorrect by several units, and we should round off to two decimal digits to
obtain reliable results. The tolerance was taken as 0.001 in two pages of the table
(pages 61 and 65) where uk takes its smallest value, 0.2, and R its two smallest
values, 0.25 and 0.50. But a tolerance of 0.001 entailed the use of too much compu-
tar time in general.

At the top of each page are the values of ah ah and R for all of the cases on that
page, but since o h a 1 always, the significant values are those of ah and R. The values
of u, v and 0 appear at or near the left end of the lines, and those of a and b as column
headings.

"12
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The angle 0, on every page, takes the four values listed above (--450, 00, 450,
900), and similarly a and the ratio b/a take the four values for each which are listed.
The most common values for u and v are u w 0, 0.5, 1, 1.5, 2, and v = 0, 0.25, 0.5, 1.
The larger values of u (greater than 2.0) are used with the larger values of R, since
for these values of R and small to moderate values of u, the values of P are generally
near 1. The kill probability PK increases strictly monotonically with R for fixed
values of the other input parameters, and we always have P K + 1 as R - -. On
page 109 of the table, where ak a l, R = 4, the smallest value of PK for u < 1 is 0.941,
and for u < 2 it Is 0.838, the smallest value on the page. Hence, in order to cover a
substantial part of the ranr,,g (0,1) for P•, an additional page (page 11) was computed
for u = 1, R = 4, with u taking values up to 6.

Also, on pages 89-90 of the tables, the values of v are 0, 0.25, 0.5, 1.5, since on
these pages, where u = 0.2, R = 2, the values of PK are generally insensitive to the
value of v, and we get a wider range of values of PK with these values of v than with
Wte usual values 0, 0.25, 0.5, 1.

Further comments on the selection of values for the input parameters are given
later in this section, pages 18-20.

In checking out the DJH method of this report (see (2-12) and (2-: 3)), 22 cases
were run on the CDC 6700 computer. These cases are listed in Table 2. Actually,
one case was inadvertently assigned two case numbers, 14 and 15, so that there were
only 21 different cases, but we follow the original numbering here. Some of these
cases were chocked by three different methods, (a) double integration using subrou-
tine PKILL (i.e., the general DJH method), (b) double integration using subroutine
CIRCV instead of PKILL (see Appendix A, page 31), and (c) single integration using
CIRCV (see (A2) and (A3) in Appendix A). Methods (b) and (c) can be used if, and

only if, oli = ak, as stated in Appendix A.

The results were uniformly consistent, ,iustifying the conclusion that the DJH
program computes PK with an absolute error not exceeding a few units in the third
decimal digit. Although this level of accuracy is adequate for most applications, five
to six decimal digit accuracy can be attained for PK by a simple change in the PKILL
subroutine to yield six decimal digit accuracy instead of three as it now stands, and a
willingness to pay the costs of significantly increased computer time, The time will,
in general, be more than doubled, in obtaining results correct to six rather than three
decimal digits. Subroutine PKILL, [2], on the CDC 6700 machine, requires approxi-
mately 5 milliseconds for three-digit accuracy and 10 milliseconds for six digits. In

'I
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Table 2. Test Cases for DJH and WB Methods

Case oh ak R u v a b

1 1 2 1 0 2 0.10 0.30 0

2 2 1 1 0 2 0.30 0.10 0

3 2 1 1 0 2 0.10 0.30 0

4 1 3 4 0 2 2 3 0

5 1 2 1 0 2 4 12 0

6 2 1 1 0 2 12 4 0

"7 2 1 1 0 2 4 12 0

8 3 2 1 0 2.5 0.0625 0.03125 0

9 3 2 1 0 2.5 0.125 0.0625 0

10 3 2 1 0 2.5 0.25 0.125 0
S11 3 2 1 0 2.5 0.5 0.25 0

12 3 2 1 0 2.5 1 0.5 0

13 1 1 1 0 4 0.10 0.30 0

14 1 3 4 0 4 1 1 0

15 1 3 4 0 4 1 1 0

16 1 1 1 0 4 1 3 0

17 1 6 1 0 6 0.10 0.30 0

18 6 1 1 0 6 0.30 0.10 0

19 6 1 1 0 6 0.10 0.30 0

20 1 6 1 0 12 4 12 0

21 6 1 1 0 12 12 4 0

22 6 1 1 0 12 4 12 0
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addition, there will be a finer tolerance, say e = 10-6, in the error analysis later in this
section, pages 21-29, in computing to six digits, than the toler:,nee of 10-' in the
three-digit calculation, and this will entail more calls to the PKILL subroutine.

In case 16, computed by the three methods mentioned above, with the objective
of obtaining six-digit agreement, the smallest and largest of the three results for PK
were 0.02251899 and 0.02251922 respectively. We note that method (c),'the third

method used, is quite different from the other two In setting up the integration.

All except cases 8 through 12 were run by the method of [II, which will be
referred to as the WB method (Weidman and Brunner), These five cases were designed
to test the DIH method by using a sequence of decreasing ellipses closing down on
the point (0,4), the smallest one having a major axis of 0.0625.

The results obtained by t Ov WB method were of variable quality. In some cases 4

they were surprisingly good, as in Case 6 in whtlh the DJH and WB methods gave
results of 0.019962 and 0.0199,z respectively. An isolated case of good agreement
could be due to chance, but in several other cases the agreement was quite good.

But in some other cases the WB method, when applied more than once, generat-
ing different simulated bomb Impact points each tlm,3, gave results that differed signif-
icantly from one another. Thus, in Case 2, which was run three times with the WB
and once with the deterministic DJH method, the WB method, using 25, 50, and 100
simulated impact points, gave results of 0.011872, 0.005936 and 0.0217015 respec-
tively. Yet the apparently correct P., as given by the deterministic DJH method,
"was 0.044321. Moreover, the 50% confidence interval for the WB method, computed
by the mctfhod described in Appendix C (see also a brief description in the next para-
graph of this section), in none of the three cases contained the correct value, 0.044321.
For the calculation in which 100 impact points were used, the probable error was
0.008998, and so the 50% confidence interval was 0.0217015 i 0.008998 or
(0.012704, 0.030700).

The 50% confidence interval is (D - P.E., V + P.E.), where F is the mean of the n
conditional probabilities 1pI hi a particular simulation, and P.E. is the probable error
computed by (1-1) or (CS). For a justification of this expression for the 50% confi-
dence Interval, see the latter part of Appendix C, pages 45-46 of this report. As for
the sample of size n 100, see the passage front [9] quoted in connection with (C7) In
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this report. The point involved here is that, although the conditional probabilities p,
in the WB method cannot be assumed to be normally distributed, the means P of
samples of size n are approximately normally distributed, by the central limit theorem,
and the larger tile value of n, the better is the approximation to normality. Reference
19, p. Ill1 states that this normality assumption is quite accurate in most cases
for n > 10. Hence, we can assume that, In this application, It is very accurate for
n = 100.. and that the failure of the 50% confidence interval to include the apparentlv
correct value PY = 0.044321 cannot be attributed to the fact that the means P in th.
WB method are not from an exactly normal distribution. It should be borne in mind
that, no matter how large the sample size n may be, the probability that the 50%
confidence interval will cover the true population mean, PK or pc, is, by definition,
only 0.50. For higher confidence levels such as 90%, the confidence intervals are
longer than for the 50% level.

This last-mentioned calculation (WB method with n = 100) used something of
the order of 36 seconds on the CDC 6700 computer, since this and a similar run,
using 100 impact points on a different case, took a total of 73 seconds. If fewer
simulated Impact points are used, the machine time is proportionately shorter. But
since the PE. (probable error) is approximately proportional to I/n, where n is the
number of simulated bomb impact points, the smaller values of n are associated with
relatively large P.E.'s.

The computing time per case by the DJH method, using double integration
(2-12) or (2-13) and subroutine PKILL, was between 1.0 and 1.5 seconds for those
cases which were timed, of the 22 cases referred to above, In comparing the DJH and
WB methods. However, the computing time per case was much larger, in some cases
of the order of one minute or more, in some of the extreme cases which were com-
puted In selecting a set of Input values for the tables in this technical report. This led
to some changes in the double integration subroutine used, in an effort to Increase
computing speed while maintaining acceptable accuracy. This point Is discussed in
some detail below.

Simple tests were included in the program for detecting some, but not all, of the
cases in which the result will be PK < 0.005 and, therefore, PK will be given as 0.00
.h a two-place table, and for detecting some of the cases resulting in P > 0.995 (and,
therefore, PK = 1.00 correct to two decimal places). We will give a discussion in termst . of a small but unspecified e, although the actual tolerance used in computing Table
E3 was e = 0.005, so that this table may be regarded as correct to two decimal
digits. If the values in a table are subject to errors not exceeding 0.005, the table
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is conventionally regarded as coirrct to two decimal digits, although there are excep-

tions, as for instance when the computed value is 0.824, rounding off to 0.82, with an
error of 0.003, making the true value 0.827, which rounds off to 0.83 rather than 0.82.
More generally, if the errors do not exceed 5 x 10-"- I or (1/2) x 10-", the table
is conventionally regarded as correct to n decimal digits, although It would be more
correct to state that the error., after rounding, does not exceed one unit in the nth
decimal place.

For the coordinates of the points (hmin, kmin) and (hm,x, kmnx) involved in
these tests, and further details, see Appendix D.

In the first of these tests, for the detection of cases in which PK < c and P K
will be given as zero to the appropriate number of digits, a point (hmin, kmin) with
non-negative coordinates is determined, such that, for every point (h, k) on or inside
the ellipse, we have 1hi > h Iki > kmn* Consequently P(h, k, ah, 0k, R) <

kmi, Ih, Ok, R), since the elliptical coverage function decreases with increasing Ih and
also with increasing hki. Further, since PK as given by (2-12) or (2-13) is simply an
average value of P(h, k, ah, ak, R) over the interior of the ellipse, by (2-17), it will be
true in such a case that PK < P(hminI kmin, °h" ' t' R) with strict inequality, since we
always have strict inequality at interior points of the ellipse. Hence, if P(hmi, k min'
ah, Ok, R) < e, requiring only one call to the PKILL subroutine for the selected values
of h and k, we must have PK < c. This test will fail in some cases in its objective of
saving computing time, since it is possible to have PK < v < P(h mill kmin' 0 h' 0 R);
but it cannot lead to an incorrect decision that PK < e, since, if P(hmin' kmin, Uh'
ak) R) _ e, we must have P K < .

We remark here that, in the preliminary computation of some of the pages of the
present main table with the coarse tolerance of e = 0.050, the criterion P(hm, kmin,
o, h k, R) < e was r placed by P(hin, k h, O, R) < e/2, but this Is "on the safe
side" and certainly not less rigorous than the standard criterion involving e. The objec-
tive was to get a smoother decrease In the values of PK with increasing u and v, as
illustrated by the following example. With e a 0.050, suppose that P(hmiI k tn, Ohl
ok, R) = 0.045 and PK = 0.040 If computed by the regular DJH program. If the
regular e criterion is applied, P. = 0.0 (with accuracy to only one decimal digit if
e - 0.050). But P(hmi, km , Uh, 0 k, R) and the computed PK are both greater than
e/2 U 0.025, so that P K is not printed as 0.0 under the e/2 criterion. The value
PK "0.040, though probably not accurate to three digits, may have a substantially
smaller actual error than the maximum error indicated by the analysis, and the value
0.040 contributes more than the alternative value 0.0 to a smooth decrease in PIK
with increasing u and v.
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In the analogous test for PK > 1 - e, a point (hmax, kmnx) is found, such that,
for every point (h,k) on or inside the ellipse, we have hil < hmax, kl < knx. Then
PK > P(hmMx' kmax' Oh' Uk' R) (by reasoning similar to that in the corresponding step
in discussing the criterion for PK < e). If a call to the PKILL subroutine determines
that P(hmax, kmaKx, Uhl Uk, R)> 1 - e, we must have PK > I -e. Here it is possible
to have PK > 1 - C > P(hmax, kmax, 0 h, UkI R), in which case the test falls'to save
computing time, but if P(hmsx, kin, 0h, a, , R) > 1 - e, we must have PK > I -- e
and, therefore, the result to be printed in the main table will be PK = 1.00 ... (to
the appropriate number of decimal digits) without the necessity of evaluating the
double integral by the regular DJH program.

Originally, it was planned to compute a table of 16,384 values of PK' with R
normalized at 1 and the remaining input parameters as follows:

a = -,2,10 Ok/Oh 0.1,0.5,0.8,1

b/a - 0.1,0.2,0.5,1 u - 0,2,5,10

= .450,00,450,900 v = 0,2,4,6

ah u 0.5,1,2,5 R = I

If all combinations are taken, the resulting table has 4' or 16,384 values,

However, it was found from theoretical considerations involving somewhat more
than the test described above for PK > 0.9995, that such a table would contain no
values exceeding this number (an unrealistically fine tolerance of e = 0.0005 was under
consideration at this time). A key fact here is that the ratio of R (=i) to the smallest
value of uh (0.5) is only 2.

Several skeleton tables, each of 128 values, were computed with the object of
selecting a set of input parameters which would result in a better balanced table in the
sense of having a greater proportion of values clos, to 1.000, and also a reasonable
proportion close to 0.000. The following Is a typical set resulting in 128 fzases, with
R I I in all cases:

ah a 0.1,2 u = 0,10

Ok/Oh = 0.1,1 v = 0,4

a 0.1,8 0 = 450,900

I. b/a = 0.1,1 R- I1

18
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The short tests described above for detecting cases in which P<0.005 or PK >
were used, with positive results in a substantial proportion of cases in these skeleton
tables, sa•ving computer time.

Later it was decided to nolmalize by taking oa - I (rather than R =1) with
0k ah always. A number of sets of 128 test cases were computed with this normal-
ization, a typical sot being:

ml a u - 2,0,3.0

ak W 0.2,0.5 v M 1.0,1.5

a = 0.5,2.0 0 - 00,450

b/a - 0.5,1.0 R - 0.5,1.0

However, in a number of these test cases, the computing time on the CDC, 6700
machine was unexpectedly long, sometimes more than one minute per case. It was
concluded that the numerical double integration subroutine was probably using an
unnecessarily fine mesh in many of these cases, and study was given to methods of
avoiding this. The PKILL subroutine is a relatively slow one, requiring something of
the order of 5 milliseconds even for 3-p!ace accuracy ;n the 6700 machine. The
CIRCV subroutine (circular coverage function) is an order of magnitude faster, but
can be used if, and only if, ah - a, as has been stated. At 5 milliseconds per case,
only about 200 elliptical coverage functions per second can be computed to three-
place accuracy. Hence, if the double inttbgration subroutine should use a nesh of 128
subintervals or 129 points on each dimension of the rectangle of integration, there
would be 1292 or 16,641 calls to the PKILL subroutine, requiring more than 83
seconds in calls to this subroutine at 200 calls per second.

The error analysis, resulting in improved speed In computing thl double integral
of (2-12) or (2-13), while maintaining acceptable accuracy, is given later in this section.

A number of test runs of 128 cases at a time, with ah always having the value 1,
were made. Also, curves were computed and plotted in the hk-plane for P(h, k, ah,
oak, R) = 0.005, and 0.995 for ah * 1, and various values ofak and R. This facilitates
the determination of ranges of values of the input variables in the double integral of
(2-12) which would result in values of Px " 0.000 or 1.000 to three decimal digits," "

by the tests described earlier in this section. On the basis of all these tests, it was
tentatively decided to compute a table of 16 pages with 1,024 values to a page, mak-
ing a total of 16,384 (m 2's) cases, with the followipg input values:
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u = 1 (I value)

Ok = 0.2,0.5,0,8,1.0 (4 valuce)

u = 0,0.5,1.0,3.0 (4 values)

v = 0,0.25,0.50,1.50 (4 values)

S- 00,450,900,-450 (4 values)

a = 0.1,0.5,1.0,2.0 (4 values)

b/a = 0.2,0.5,0.8,1.0 (4 values)

R = 0.5,1,0,2.0,4.0 (4 values)

Taking all combinations, the total number of crses is 4? 7 214 = 16,384 as stated
above.

Later, it was decided to include Pho value R - 0.25 on the ground that this
mighi be a more realistic value of the lethal radius R than the larger values, from the
practical military point of view. This would make a total of 20 pages of tables, or
5 x 46 ' 20,480 cases.

When the computing of the/pages was started, it was found that some of the
pages had an excessive number of values near 0 or 1, and additional pages were com-
puted by modifying and augmenting the set of values of the Input variables, especially
u, on some of the pages. The resulting total for Table E3 was 51 pages, containing
59,904 values '.f P, as stated earlier In this section, page 11.

A tolerance • 0.005 was used on all pages except 61 and 65, on which the
tolerance was 0.001 (see page 12 for further comments on this). The computing
time per case varied widely, being 0.10 second or less on sonm pages, and 0.85
second or more for other pages. The overall avorage, from available recorded times,
was about 0.4 second per case.

In using the DJlH program, based on (2-12), arbitrary positive values can be given
to Oh, P, , b (a ; b), and R, and arbitrary real values to u, v, and .--900 < 0 < 900.
There is nothing In the analysis which rules out the case a k > all. Itf u or v or both are
negative, the corresponding positive value or values could be taken, with appropriate
changems in 0;ifor example, u - -4, v = 2,4 '- 300 is equivalent to u = 4, 2,4' -300,
as Is clear if a figure is drawn, the elliptical coverage function being symmetric with
"respect to both axes.

"Izl
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But if the table hi this report is used, with or without interpolation, it must

be noted that, in the table, oh = I and oh o Uk. Hence, it may be necessary to nor-

realize the input variables (except 0) by making uh = 1, and if a k > ah originally, the

roles of b and k must be interchanged, If we have the case ah = 5, uk = 2, u - 3, v = 2,

a = 2, b a 1.5, 300, R = 3, we simply divide all distances by 5 and obtain as an

equivalent case ah 1, ak = 0.4, u = 0.6, v = 0.4, a = 0.4, b = 0.3, 0 = 300 (no change

in 0), R = 0.6.

Now, suppose we have a case with ak > 0 h, say 0 h = 2, ak = 5, u - 3, v - 2,
2., b = 1.5, € = 300, R a 3. We first divide all distances by the larger a, ak in this

case, and get the equivalent case a. 0.4, a k =l, u -. 6 , v=O0.4 , a=O0 4 , b -O. 3 ,

* 300, R - 0.6. Then, reversing the roles of h and k, we will also have to reverse

those of u and v and make an appropriate change in 0, obtaining the equivalent case
oh 1, ak f 0.4, u = 0.4, v - 0.6, a = 0.4, b = 0.3, 0 - 60 0,R =0.6. This should be

clar from a study of Figure 2, bearing in mind the symmetry of the elliptical coverage
function with respect to both axes. Note that 0 = 600 and not -300.

300

60.4 16'

Figure 2. Interchange of ah, Ok in Example

Here we discuss the numerical evaluation of the double integral (Figure 3)

*i .d [fb F(x, y) dx] dy (3-1)

by a method which has been chosen as an efficient one, ushig two tolerances e. and

e1 and an overall tolerance c,
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d

C .t

0 b

Figure 3. Area of Integration for Double Integral

These three e's may be given appropriate positive values depending on the accuracy
required; for example, the overall tolerance e, on which e. and e 1 depend in the pre-
sent analysis (see (3-15)), is sometimes given a value of 0.01 in crude calculations, and
sometimes a value of 0.00001 if much more accurate results are desired.

In (2-12) and (2-13), the variables of integration are r and 0. We leave open the
possibility of identifying r with x and 0 with y, or the reverse.

We regard the integral as an iterated one,

F axtod bF(x, y) dx dy f(y) dy (3-2)

For a fixed y, the integral f(y) = abF(x, y) dx is approximated by Simpson's rule,

but the number of subintervals for two different ordinates or values of y is not
necessarily the same. Hence, we do not have a two-dimensional grid of the less
efficient type sometimes considered in the literature, for example in (7, p. 186,

problem 541.

For y = s for arbitrary s on (c, d), let

Is exact value of f(y) f(s) =/fbF(x, s) dx (3-3)
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I. Simpson's rule approximation for " (3-4)

In general, a bar will indicate an exact value, as in Ta . in this case indicates an
approximation.

I = Is + Es (3-5)

where Ea is the error committed by using the Simpson's rule approximation with the
chosen number of subintervals of [a, b].

For a given s, i.e., a given value of y, let a sufficiently large number of subinter-
vals of [a, b] be chosen so that

FI& - I,j -a E, I < eo (3-6) _

where l is one of our fundamental tolerances.

We are really comparing successive approximations, say (I)d and ()2P
with each other, where n or 2n denotes the number of subintervals into which
[a, b] is divided, rather than comparing any approximation with the exact I,
since in practice we do not know the value of the latter. We do not in this
analysis derive rigorous error bounds for integration by Simpson's rule.
Numerical analysts have developed several such rigorous bounds, using the
fourth derivative of the integrand [7, p. 75, (3,5.23)], or evaluating a line
integral in the complex plane, or using other methods.' The calculation of any
of these rigorous bounds would require a relatively large amount of machine
time, and, moreover, such bounds are often ultra-conservative, i.e., much larger
than the actual error committed. It is felt by the present authors that
sufficient accuracy for practical computations can be attained by developing
simple tests Involving convergence of successive Simpson approximations to a
common limit. Such tests can give a high degree of confidence in the reliability
of the results, thogh not absolute certainty. We may decide that (3-6) Is
satisfied If two successive Iterates agree with each other within eo; or, if we
are more conservative, within co/2; or, of three successive Iterates, say (I,)n,
(I,)2 and (I,)4,, the largest and smallest are within e0 of each other. We
chose the first of these. We state in (3-17) below, how the tolerances are
handled In the present NSWC program, but the program is flexible in that
changes in the tolerances are easily made.
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Now by definition,

pfdy f JT,,dy T

f exact value of double integral (3-7)

Also, Is is a well-defined function of s or y once a numerical value of c. has been
assigned and a criterion for the satisfaction of (3-6) has been chosen as discussed
above.

We assume also that IIfd dy or fcdlI dy exists. T or fbF(x, y) dx (3-3), the

exact value of the integral from a to b, is a continuous function of y, by the conti-
nuity of the Integrand of (2-112) as a function of two variables. A consideration of
the manner of forming the Simpson sums shows that the approximation 1, is also a
continuous function of y in any interval on the y-axis in which the number of sub-

divisions of (a, b] in forming the Simpson approximation to fabF(x, y) dx does Iot

change. But I does have a discontinuity, in general, at a point where we switch

from 16 to 32 qubintervals, for wwampla, In approximating abF(x, y) dx. Suppose

ly = ab x YO) dx uses 16 subintervals for some y = Yo' but fJaF(x, y) dx uses

32 subintervals for some neighboring values of y, say for all y In the open interval
(yo, yo + k) for some positive k. rhen ly, as a function of y, will in general have a
discontinuity for y = y.. Neverthdless, the integrand in (2-12) is such a smooth
slowly changing function of its arguments that we can be confident on heuristic

grounds that the integrand in cd l dy has a small finite number of discontinuitics.

But the Riemann integral lcd l dy exists if, and only if, the set of discontinuities is
of Lesbe.sgue measure zero [8, p. 2301. This includes the present case, in which the

"p3dl-d
discontinuities are assumed to be finite in number. Hence, the integral Jc I dy or

- ~dl
I!. lc dy exists. It is shown below in (3-8) that it differs by less than (d -- c) eo

from the exact value of the double integral, fjTtr dy or T, i.e., it approximates T

arbitrarily closely for small e. Also, the Simpson sums d o k lyI which are

used in approximating the integral with respect to y, the k 's being the Simpson
multipliers 1,4,2 4...41, converge 'o tile value of tile integral fI dy as the number
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of subdivisions of [c, d] becomes infinite (see (3-10)). It is not difficult to prove that
the Simpson sums, assuming that they converge to the true value of the integral in the
integration of a continuous function over a finite Interval, also converge to the value
of the integral if the function has a finite number of discontinuities with a finite jump
at each such point.

Assuming then that fA5 dy exists, and assuming that (3-6) holds everywhere on
1c, d], i.e., that we take a sufficient number of subintervals of [a, b) so that (3-6)
holds for all y on [c, d), we have

Jk. dy- fi. dy- ift ,1 dy

, I dY<fgo dy=(d- e (3-8

or

fl, , <(d - 0 (3-9

since

A dy-- T

Now, suppose that we take a sufficiently large number of subintervals on 1o, d]
so that

ifi dy -d-e k t (3-10)
"3n

where the sum uses the I,'s for the finite number of points taken on [c, d] (- n + 1
points where n is the number of subintervals of lc, dj). Here, et is another funda-
mental tolerance, like e. As in the case of e., we can require two successive iterates
d - 2c1 k I to agree with each other within e or within e1 /2, or choose some other

criterion. We do not know the value of the integral A dy, so we are forced to adopt

* some arbitrary criterion for the satisfaction of (3-10).
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With (3-6) and (3-10) satisfied, we now have

T c2;k i, T- ETfi.dy + flsdy - d c I k, is (3-11)

T d-2kc 1j I-f~y + 1's y d-c (3-12)

IT~-~kiI I < (d-ce (3-13)

Now suppose that e Is some overall tolerance, and we wish to choose C~ and e1
in such a way that

T - dcT kI <e; (3-14)

that is, we wish the computed Simpson sum approximating the .',uble integral to be
correct within e. From (3-13) and (3-14), we equate e with (d - c) e0 + E I so that
we have

T0 iId<( o+e (3-15)

Equation (3-15) clearly allows some latitude in deciding on the individual values
of e0 and c V The present NSWC/DL program takes eoa e I from which follows

[I1+(d **c)j eo e (3-16)

CO= C,=1+ d c (3-17)

If we wish to experiment with various values of the ratio k e 0/00, a simple generaliza-
tion would be, from (3-15),

(d - 0 eo + k e. U0 (3-18)

-o e (3-19a)
00 k + d - c)
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and

ke
k + (d -c) (3-19b)

where k is any positive real number, less than, equal to, or greater than 1, The case
k - I reduces to (3-17). It is possible that computational experience would show

that some value such as k = 2 or 1/2 is generally more efficient than k a 1. The
determination of such an optimal value, or approximately optimal value, of k, would
be purely an empirical matter. We could try various values of k for a fixed value of e,
and regard as optimal that value of k which resulted in the smallest expenditure of
machine time while maintaining the specified accuracy.

A simple modification of this error analysis is necessary in case the constant
factor I/(ra2 ) outside the integral signs in (2-12) and (2-13) is not included as part
of the integrand at every step of the analysis, but only once at the end in computing

the true value of PK. This is the case in the DJH program.

Let the integrand in (2-12) and (2-13), not including the factor 1/(Ira2), be
denoted by F*(0, r), and, in general, let the asterisk or "star" denote this omission
of the constant factor. Then (2-13) can obviously be written in either of the forms

P F(0, r) do dr'K ,ofIf I

o = r) do dr (3-20)

where

SF*(0, r) fP(h, k, o., ak, R) r (3-21)

F(, r) = F*(, r0 (3-22)

and h, k are given by (2-11).

tv"
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Also,

1* fJF* do dr (3-23)

and

P = I-I 1 (3-24)
K ffa 2

Now, following the foregoing analysis but using the "star" in the sense which
has been described, we evaluate the double integral P* to an accuracy such that

IT* d-3n c k 'I <ek * (3-25)

(with e* to be determined in terms of the overall tolerance e), with

0* M * 6* (3-26)0 "* 1 + (d - c) (-6

as in (3-17). We will then have

--- E k II -l -La d -c ; k I*
3n f f 23

=1_IT._d-._.c Ek,i.P < _-L . (3-27)
la2 3n Ia ara2

But we wish to have

2T-d-cTkilIs <e3 (3-28)

and so we put e*/(Va 2) =e or

0e* ffHa2  e (3-29)
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and therefore, from (3-26),

e* * e*~ e* ______= e
0 1 +(d- c)I + (d - c)

The tolerances are handled in this way In the DJH program. The constant e is set at
0.005 in the present program, but can easily be changed to some other desired value
such as 0.001 or 0.05.

We close this section with a note regarding algebraic signs of h and k and limita-

tions of subroutine PKILL.

A glance at the integrand of P(h, k, oh' Uk, R) (see page 3) shows that P(h, k, u,
Uk R) is symmetric with respect to both h and k. Consequently, the subroutine
PKILL takes input values of h and k, which may be negative, and replaces them with

Ihil and Ikl respectively. Moreover, the PKILL subroutine has the limitations that
Ihl/ h 4 600, Iki/Ok 4 600. Although it is unlikely that such extreme values will ever
occur in the integration of P.' the precaution is taken to sense on these inequalities
with an immediate exit from the routine if they are not satisfied. By means of
Equations (D I b d e g), page 5 1, a rectangle containing the entire ellipse of Figure 1,
page 3, Is determined, if this rectangle is contained within a rectangle, centered at the

origin, of width 1200 ah and height 1200 0 kI the inequalities Ihi/u,, < 600, [kl/ok <

600 must be satisfied everywhere in the field of integration. If not, a value P= - I is
returned by the program,

The standard deviations oh and ak are subject to the condition

1/15 < Ohiok e 15, 12, page 261

If the condition is not satisfied, the program exits and also returns a value of
Pkff-1
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SPECIAL CASES

Two special cases are worthy of mention here: (a) ah a k; (b) a b, i.e.,
the ellipse is a circle.

(a) We have assumed that uh > ak, with strict inequality in general. But
if 0h -k = a, the distribution is circular normal, and if we divide all coordinates by
a, we have a standard circular normal distribution, i.e., with o = 1. We would write
Sh/a, k = k/a or replace h by oh, and similarly replace k by ok. Also, we would
divide, u, v, a, b, and R by o. The angle 0 would be unchanged by the transformat;on.
Ifh k = U = 1, the case is simplified and the original symbols, h, k, u, v, a, b,
and R can be retained.

We would then evaluate a double Integral as in (2-12) or (2-13), but call the sub-
routine CIRCV, computing the circular coverage function P(R, d), where d -+ Vh2 +k1,
instead of subroutine PKILL, which computes the elliptical coverage function P(h, k,
0 h, ok, R). The former subroutine is at least ten times as fast as the latter subroutine.

This substitution of subroutine CIRCV for PKILL, and the reduction dis-
cussed below of the double integral to a single integral, also using CIRCV, can be
done if and only if ah - 0 The reason is that if ah V ao a transformation must be
made, in order to produce a circular normal distribution, in which unequal factors
of stretching or compression along the h- and k-axus are used. This would convert
the lethal circle of radius R into a lethal ellipse and this is contrary to the assumption
that the bomb's lethal area is a circle.

If ah M ak = a, involving an initial similarity transformation if a 0 1, as dis-
cussed above, we can even express PK in terms of a single rather than a double

integral, but at the cost of solving a fourth degree equation in general at every inte-
gration step to find the points of intersection, possibly four in number, of the circle
h2 + k2 = r' (where r is the variable of integration) with the ellipse.

Figure Al shows a case in which a circle with center at C and radius r (also a
circle of radius r + dr) intersects the ellipse in four points. The arcs of the first circle
(radius r) subtend central angles 09 and 0 2' Let 9(r) = 0 + 0 ' Then the sum of
the two shaded areas is (0, + 02) r dr or 0(r) r dr neglecting infinitesimals of higher
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k

Figure Al. Case oal k, Ellipse Intersected at Four Points

order than the first. This area Luan be described as the area occupied by points that

are in the interior of the ellipse and at a distance between r and r + dr from the center
C of the distribution. Because of the uniform distribution in the ellipse of possible

positions of the point target, the probability that the target lies in the shaded area is
0(r) r dr/(wrab), i.e., the ratio of the shaded area to the total area of the ellipse. All of
these points in the shaded area are at distance r from C, neglecting infinitesimals of
higher order. Hence, given that the target lies somewhere in the shaded area, the
conditiornal probability of its destruction is P(R, r), the circular coverage function as
computed by subroutine CIRCV. Hence, the total probability that the target lies in

* the shaded area (for a given r) and is destroyed is 0 (rý r dr P(R, r)/(rab), and the overall
kill probability PK is computed by integrating this e~xpression from r1 to r2 , which are
respectively the minimum and maximum of values of r such that a circle of radius r,
center at C, contains points that are on or inside the ellipse. If the point C is on
or inside the ellipse, r2 > rI M 0, but if C is exterior to the ellipse, r2 > r1 I> 0. Thus,
we evaluate the single integral:

PK fr2o(r) P(R, r). r dr (Al)rab fr.
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The determination of r,, r2 and O(r) in general involves the numerical solution of
fourth degree algebraic equations, but is simpler in special cases as discussed below.
If C is in the intorior of the ellipse, so that r, = 0, we take O(r) = 2n for all values of r
such that the circle of radius r (center at C) lies entirely in the Interior of the ellipse.
If C is on the ellipse, we also have r, 0, but for all circles of radius r > 0, 0(r) < 21r.

A special case which was programmed and used in checking out the general pro-
gram of this report is shown in Figure A2. In this case, the limits r, and rl of (AM)
are obvious by inspection, and the computation of the function 0(r) of (AI) involves
only square roots and not the solution of more general fourth degree equations.

a

Figure A2. Special Case Programmed
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Here, we have u.-- Ok --- , u =0, =90°, v > a > b, so that the point C is

exterior to the ellipse. From the figure we clearly have r, = v - a, r2 = v + a. It is
intuitively clear that for v -- a < r < v + a, the circle of radius r, center at C, will
intersect the ellipse in two, and only two points, with equal ordinates by symmetry,
and this is confirmed by analysis. The common ordinate y of these two points of

intersection is given by:

a V(a2 -b 2 )(r 2 -b 2 )+b 2 v2 
-- b2v

y ~a 2 - b2 W

and, when y has been computed, the abscissas of the two points of intersection (circleand ellipse) nt() ± v/• -- y2. Hence, the angle 0 (Figure A2) is arc tan(t"_ y2 /y),

and the entire central angle corresponding to the shaded area is twice this or 2 arctan r2 -y 2 /y). Therefore, using (Al), the kill probability PK is given by the
integral:

2 v+a ý(r7 _ y2 )r
PK arc tan P(R, 0 r dr (A3)

rabdv--a y

with y at each integration step, or each value of r, given by (A2).

Although a program based on Figure A2 and (A2) and (A3), with a > b, was used
in checking out the general method of this report, we would have a still simpler sp')clal
case If the ellipse were a circle of radius a, with a < v (see Figure A2 and imagine that
a = b). In this case, the ordinate y of the points of intersection of the two circles,
112 + k2 =r 2 and. hi2 + (k-v)2  a 2 , is given by:

r 2 + V1 -- a 2y . .. .. (A4)
2v

and PK would be given by (A3), with y computed by (A4) instead of (A2).

(b) If a = b, implying that c = I and the allipse is a circle (in the general case
where ch and ok are not necessarily equal), the positions of the axes of the ellipse
are indetcrminate, and for convenience we can take o = 0 so that the x- and y-axes
are parallel to the h- and k-axes respectively. This would simplify (2-3) which would
become

i
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k U + x

Also, c would be 1 In (2-5). If ah 960 we would still have to compute a double
integral as hix (2-12), using subroutine PKILL, but with the simplifications which have
been noted in the coordinate transformations, (2-3) and (2-1 1).
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ALTERNATIVE METHOD OF COMPUTING PK

We outline here an alternative method of computing the kill probability PK'
this time using true polar coordinates r, 0 in the ellipse. The curvilinear coordinates
introduced in (2-5) and also denoted as r, 0 are not polar coordinates in the ellipse
If a> b.

Fiure BI shows a quadrant of the ellipse (see also Figure 1 in Section 2).
First, we wish to find the coordinate r for a point such as E on the ellipse, with
given polar angle 0 j to establish limits on i in terms of 0. The equations of the line
OE, and of the ellipse are:

y - x tan 0 (BI)

S+ - (B2)

a2 b2

b

0

a

Figure B 1. Polar Coordinates in the Ellipse

Solving these equations simultaneously, we find that the rectangular coordinates
(x, y) of the point E are:

x f (ab/S) cs 0, y (ab/S) sin 0 (B3)
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and, therefore

r - + y ab/S (B4)

where

S - 1 + b2 cos 0 (BS)

Equation (B4) provides the upper limit on the variable r in the subsequent double
Integration.

Now, considering a polar element of area r dr do (Figure BI) at a point (r, 0)
Inside the ellipse, we must, as before convert its rectangular coordinates (r cos 0,
r sin 0) to the Chk system, by (2-3). The result Is:

h -u+rcos0cos -rsin0sin -u+rcos(O+ )
k-v + r coso 0 sin 0 + r sin0 cosO v + r sn(O + ) (B6)*

By reasoning similar to that used in setting up (2-12), we obtain the following double
Integral in terms of the present true polar coordinates r, 0

1 2,r ab/S
PK MabJ0 I P[u+rcos(O+ 0),v+rsin(O+ 0),oh, ok, R] rdrd0 (B7)*

The P functions, as in the case of (2-12), arp computed by subroutine PKILL.

*See note, page 29, regarding h and k.
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PROBABLE ERROR IN THE WEIDMAN-BRUNNER METHOD

In the WB (Weidman-Brunner) method as described In [I] and in the present
technical report, the standard statistical method for determining the probable error
and confidence intervals is one using the Student t distribution, [4, p. 224], [6,
p. 178], and [10, p. 189]. For a given problem, oa, ak, R, u, v, a, b, and 0 speci-
fled, there exists a true kill probability, PK or po, which we are estimating or approxi-
mating by the sample mean, P, of a sample of size n (the number of simulated bombs),
For a fixed and sufficiently large n, these sample means (P) are from an approximately
normal population with mean PK or p. and standard deviation a (for individual prob-
abilities p,), the standard deviation of the sample mean P being u/jV-,. The point

which makes the t distribution the appropriate one to use in computing confidence
intervals is that a (as well as P or p0 ) is unknown. The method cited from [4],
[6], [10], and given in many other statistical texts, Is designed for this situation,
finding confidence intervals for the mean of a normal population with unknown
standard deviation a.

However, in the present technical report, we do not develop the above-mentioned
method In detail, since it is not used in [I] or In the Weidman-Brunner computer
program. Instead, we follow this computer program and [ I I more closely, and, with
each sample, estimate the population standard deviation a by means of the sample
standard deviation. It is believed that this method if followed up correctly will give
results that are roughly equivalent to those given by the method which uses the t
distribution.

The method used in [(1 for computing the probable error (P.E.) is open to
criticism in several respects. A study of the FORTRAN program given in this reference
shows that the P.E. is given by the formula:

P.E. - 0.6745 (Pi - P)I/2 (Cl)

where n is the number of simulated bombs, p1 is the i-th conditional probability

determined as explained in Section 1, and P is the mean of the n p,'s, i.e., , is the .
approximation to the kill probability PK' The integer n is usually taken as 25 in the
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WB method, although the values n = .50 and n = 100 were used in some of the cases dis-
cussed in Section 3 of tile present report. The radical in (CI) represents the standard
deviation u of the sample of size n, and the constant 0.6745 is a familiar one in
statistics, where P.E. = 0,6745o, since, for a normal distribution with mean 0 and
standard dteviation a, we have:

0.6745a 1'~' dX2 1 (SJ-,64exp - -. dx 1 /2 (C2) ,
0oI2f fO0.67450 2 o2)

or, half of the items lie between the limits ± 0.6745g.

The denominator under the radical in ((CI) should be n - I instead of n in order
to get an unbiased estimate of the standard deviation [6, p. 1541 ; actually, the use of

n - I gives an unbiased estimate of the variance a', and a very smell bias in the value
of u itself. For large n, there is no significant difference between using n and n - 1
in (CI).

A second and more serious criticism is that even if we substitute n - 1 for n in
(CI), the result is the P.E, for an individual item p, and not for the samnle mean P.

To compute the P.E. for the latter, an extra factor of Vrtis needed in the denomina-
tor of (CO) as shown by the following discussion.

The conditional probabilities PI, P2 , 'P , PN in the WB method are independent
random variables with identical (though in general unknown) distributions. The dis-
tributions are identical since, for each. of the n simulated bomb drops, the procedure
is exactly the same. But we cannot assume that this common distribution is normal,

since it involves a number of factors including the uniform distribution of the point
target in the ellipse.

In this situation, we can get a good approximation for large n, for the variance
(hence, for the pr.bable error P.E.) of the sample mean f by means of the central

limit theorem [4, p. 136] and [6, p. 1911. Reference [6] states (changing the nota-
tion slightly to agree with our present notation) that If p4 , p1, .. ,, p, are independent,
identically distributed random variables, each with mean p. and variance u2, and if
Y, -P +p 2 +'' Pn fn,and
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-n - np n(p-fp ) v(P- Po) (0)
ao - a oVcs

then Z. is "asymptotically normal" with mean 0 and variance 1, in the sense that the
distribution function F,(p) of Zn satisfies the relation

Umn Fn (P) =;9= exp (-u 2 /2) du (C4)n +. cc 72 _•

Here, po is the true kill probability for a given problem of which 5 is an estimate on
the basis of one sample of n bombs. We think of a large number of samples of size n.
The random variable p, takes a large number of values In these successive samples,
with mean po and variance a2 and similarly with p2 , p3 , etc.

Since V-'(F - p0)/o has approximately mean 0 and variance 1, as stated in the
formulation of the central limit theorem In [6, p. 1911, from which (C3) and (C4) are
taken, p - po must have mean 0 and variance 02/n and, therefore, F, the sample
mean, must have, asymptotically, mean p. (the true kill probability) and variance
a2/n, establishing the fact that the variance of the mean is I/n times the variance of
an Individual p,.

The facts that the mean of all these sample means is po, .and the variance Is
02 /n, could have been proved by simpler theorems, (6, pp. 135 and 137] but to
prove that the sample means T are asymptotically normally distributed (and this fact
is needed in computing the probable error) requires the central limit theorem. Also,
if the individual random variables p, were known to be normally distributed, we could
get very simple and exact, not merely asymptotic, results for the distribution of the
sample means P. But under the present circumstances, with the p,'s not normally
distributed, we apparently cannot do better than the present asymptotic analysis.

Since the variance of the sample means P is asymptotically U2 /n, as has been
shown, the corresponding standard deviation Is a/VG', where a is the standard
deviation for an individual value p,. For this a we have to use the estimat.e
X.p- ( )p/(n - 1) 11/2, square root of an unbiased estimate of the variance as

stated above. We multiply this by I/v/-n to get an estimate for the standard devia-tion of the sample mean 5, and by 0.6745 to get the probable error, P.E. (see (C2)).

Hence, we have
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P.E. = 0.6745 [2(pi - P) 2 /n (n 1)1 112 (C0)

Let the PE. of [II be denoted by P.E. (see (Cl)). Comparing (C1) and (C5), we
see that P.E./P.E a 1/%• :7n--1, or

P.E. = w (C6)

P.E*wB is the value printed out for the probable error if the FORTRAN program of

[1 is run on a computer. These printed values were corrected as indicated in (C6)
in interpreting the results of computed cases.

Although the distribution of the sample mean ] in the WB method approaches
normality as the sample size n becomes infinite, there appears to be no simple means
of determining how fast its approach to normality is, or how large the sample size
should be to obtain a meaningful estimate of the probable error in the computed
approximation P to the true kill probability p0 ' In [9, p. 1 1 1], in a discussion of
this application of the central limit theorem, the following statements are made:
"In practical terms, a normality assumption for the sampling distribution of R

becomes reasonable in many cases for N > 4 and quite accurate in most cases for
N > 10. Hence, for reasonably large sample sizes (4.34) applies to the sampling
distribution of K computed for any random variable x, regardless of its probability
distribution function." Equation (4.34) [91 is

NI
-t- U Z (07)I'I

which is stated to have a standardized normal distribution if x is normally distributed.
The normality Is only asymptotic if x has some other distribution. The expression
on the left-hand side is equivalent to the expression /'n (i -- po)/o of (C3), with
appropriate changes in notation. Thus, the authors of [91 repard samples of more
than 10 items as adequately large In order for the use of the central limit theorem
to give meaningful and even accurate results in most cases. The regular sample size
in the WB method is a a 25 as stated earlier in this Appendix, and this sample size,
therefore, appears to be adequate.

The Chebyshev inequality rigorously assures us, as shown below, that the 50%
confidence interval determining the probable error will never be larger than the
interval ( V - U o, P + t72o.,), where o, (- oV/iT) is the standard deviation of the
mean ] and c is the standard deviation of an individual item p,, This is true, however
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smail the sampte size n may be. This implies an upper bound of V'2 U. or U'2 i/Vn
for the probable error, which of course, Is substantially larger than the asymptotic
value 0.6745 o/aVn, for large n, implied by (C5), and based on the use of the central
limit theorem.

The result stated is derived from the Chebyshev inequality in the following way.
This inequality, [4, p. 135, (10)], with the notation changed to be compatible with
the present situation, may be stated as follows:

Prob (I - Po I "> b) < T -

nb2  b2

where b is an arbitrary real number. Now, we ask what value b must have in order
that the stated probability shall be 1/2, in order to find 50% confidence limits. Hence,
we put

2i
... . 1/2 (c9)

1321

of which the solution is:

b r2 '2 (ClO)

so that the 50% confidence interval, as stated, is shorter than the interval ( r2 - a, ,
p + 12a.). Although this result is perfectly rigorous and independent of the sample
size n, it provides only an upper bound for the let'th of the 50% confidence inteeval
or for the magnitude of P.E.

For a normal population, the probable error (P.E.), is simply the half-length of
the 50% confidence interval. More precisely, suppow the population mean is Y,
in the notation of [10], and the st•ndard deviation (for individual iteme) is a. Let
a random sample of size n be drawn, with sample t.,ean X. Then, the 50% confi-
dence interval for that sample is (C1 , C.), where C - R..- - 0.6745u/,/ln, C 2 =, +
0.6745o/VJi, or C1  - P.E., C2  x1 + P.E., since the probable error- for the
sample moan in this case is 0.6745o/l%/ Thus, the length of the 50% confidence
interval 4sC - C1 or 2 P.E., or, the P1E. is the half-length of the confidence interval.
See the derivation of (CS) above, where the sample standard deviation [2(p, _" 15) 2 /

(n - 1)] / (for individual items) is multiplied by lII'n to get the standard diwia-
tion for the mean i, and then by 0.6745 to geo the probable error, P.E., for the
sample mean.
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We show here how this relation between the P.E. and the 50% confidence inter-
val follows from [10, pp. 188-189], and we refer the interested reader to this stand-
ard statistical handbook for further details.

Let the confidence coefficient be 0, in the notation of [10], and here we are
interested in the value 13 1 /2. By interpolating In Table IX in [10], we find that

or X 1/2 = 0.6745. Thin well-known constant is the value X. such that

a J-- exp [- l /2 ] dx " 1/2
P

(see (C2)). Then [10, p. 1891, C1 =• -71 a/V/= 0 1 - 0.6745o1VC 2  I +.
X a// V•' a X+ 0.6745u/Vr'', and the 50% confidence interval is [C1 , C21 . The signi-

ficance of the term "confidence Interval" itself is brought out in the following state-
ment from [ 10]: "If it is asserted, whenever a sample is drawn, that the unknown
population mean x lies between the limits C, and C3 calculated for that particular
sample, then the probability that the assertion is correct is p", with p - 1/2 here.

In the application made in this report to the WB method, the unknown popu-
lation mean X corresponds to po or the true but not exactly known F., the sample
mean X, is P or the average of the n conditional probabilities p, for that sample and
the population standard deviation a in each case is estimated or approximated by
the sample standard deviation [M(p1 - D)2/(n - 1)) 1/2.

Also, the results quoted from [10] assume a normal population. The means ]
here are not exactly normally distributed, but they are asymptotically normal for
large sample size n as we have shown, and the normality assumption can be assumed
to be good for n > 10.
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APPENDIX D

DETERMINATION OF MOINTS (hl,,, kminl), (hmax, kinx)

OF SECITION 3
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Ei

DETERMINATION OF POINTS (hmin, kmtn), (hmax, kinx )

S........... OF SECTIOiq 3

.-, In Section 3, pages 16-18, we used points (brain, kmln), (hmax, kmtx ), which were
useful in simple tests, using very little computer time, for detecting cases in which the
kill probability, PK is approximately 0 or 1, within a prescribed tolerance. For in- :
stance, if the general tolerance is 0.005, so that only two decimal digits can be assumed •;

i to be correct in the values of Pz' then, for any case in which PK > 0.995, the true .oi

value is closer to 1.00 than to 0.99.
!
:i In this appendix, we give without proofs, the equations for the coordinates of

Sthese points (hmm, kmjn), (hmax, kmtx),

' Suppose we are given (see Figure D l) an ellipse such as those considered in this
• , tr

report, witlx center at (uv) relative to the Chk coordinate system, semi-major, and
Ssemi-minor axes a and b, respectively attd major axis making an angle € with the h-axis,

with -90° < @ < 90°.

(hhor a' kh,,r 2 )

S(.h,.,,,, k.,.. ) ]

t (hvort I' kvurt :2) ]

v) :IJ

',N.,, l, k,,,,, ,I .i

'€• ---'-'t (h•,.. ,, k.o, i) "i

C • hq

S(h=i'l' km ) !

i'.' Ftsure DI. Values of hmin, kin|n, hints, kmtx for -90° < € <=: 90°

,ti2

it

ii S0
t

•{'P't ,"S€.:•..
: •:i.t.
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J There are obviously two horizontal tangents and two vertical tangents to the
ellipse. We denote the points of tangency of the horizontal tangents, as in Figure DI,
as (h hot I I k hot d and ('hhor 2' khot 2 ) with kh., 2 > k hot I always, i.e., (h. 2'

k hot 2 is the point of tang%2ncy of the upper horizontal tangent. The relative magnil-
tudes of h hot 1 andh ho 2 depend on whether 4' Is a first-quadrant or fourth-quadrant

* angle.

The points of tangency of the vertical tangents are denoted as (h16 1 t I, I k i),

(hv~r ) with h,,r 2 > ll~r I always, i.e., (h,~~2 kyort 2) Is the point of
tangency of the rightmost vertical tangent (Figure Dl).

It can be shown by analytic geometry that the coordinates of these four points
of tangency are given by the following equations. We do not give the proof here.

(a' - b2 ) sin 4' cos 4' TDa

h u-(la[o I V 1a2 sin2' + b2 Coe24

khO, = v ,/a 61n4' +b2 cs 24'(Dlb) ~

k v - a2 sin 24' + b2 COS24'

2 a -- + l s/2 in24 + cos 2 '0(Dd
h -+~2cs4 2 sn (Dlc)

hak ~ ( 2 -2 )sn COS2 0 Df

h~iIa2u- r co s2 0 + 1,2 sini4' :1le

02 + - bo 2 '+, sin' 4 >0 (Dos

krtV 2 +( 2 -b 2 2)s+ b' cis4'

A 1 / Va2cs2o + bi2 S1 4 '  (DIh) '
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It is seen from these equations that khor 2 and h 2 are necessarily positive, since u
and v are assumed non-negative and the radicals + Via sinlo + b2 cos 2o and
+ I/a2 cos2  + b2 sin 0 denote the positive root in each case.

We consider further the particular case shown in Figure Dl, In which the el pse
lies entirely in the first quadrant. The situation is not so simple if the ellipse extends
into other quadrants. In Figure DI, we take h,,, hvert I I kmin "- khor I. The.oint
(hrmin kmil ) so defined has the following property. If (hi, k) is any point on or inside
the ellipse, then:

h> hmlt (D2a)

k > kmn (D2b)

Hence, because the elliptical coverage function P(h, k, uh, ak, R) decreases with in-
creasing 1hi, and also with increasing Iki, we must have

P(h, k, u,, R) < P(i, kmn, , R) (D3)

for any point (h, k) on or Inside the ellipse, with strict inequality in (D3), since we
must have strict Inequality in (D2a) or (D2b) or both (the point (hmin, kmin) itself not
being on or inside the ellipse).

Since (D3) holds for every point on or inside the ellipse, it must hold for the
average value P of P(h, k, uh, 0k, R) throughout the ellipse. But the kill probability,
PK is equal to the average value, P, by (2-17), Hence, we must have

P = P < P(hmn' kmni Uh kU R) (D4)

But the calculation of PK by (2-12) or (2-13) in the general case, for the input values
used in Table E3 in the present report, requires somcthing of the order of 0.4 second
or 400 milliseconds, whereas one call to the subroutine PKILL, for computing
P(hmln, kminI ah 0 kY R), requires only about 5 or 10 milliseconds for three-digit
or six-digit accuracy, respectively, on the CDC 6700 machine.

Similarly, in Figure D2, we take hmax = h vort 2' kmax = khor 2 and by an argument

similar to the one given above for (hminI kmin), we conclude that:

PK > P(hm kx' k h' 0 k' R) (DS)
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*1The calculation of P~mx kmx, ah' a k R) requires only one call to the PKILL sub-
routine.

The complications which are introduced when the ellipse extends Into other
quadiants than the first are sufficiently Illustrated by the case shown in Figure D2.

Thro relevant analogs of (D2a and b) here are

Iki > IkminI. (D6b)

for arbitrary points (h, k) on or Inside the ellipse, and It Is seen from the figure that
(D69) is not. satisfied for all points (Ali, k) of the ellipse if we take h3  09hr as be-
fore. We must in this case take h min 0, shice in this case we clearly have h 0 for
in~initely many points inside the ellpva.

k

N

Figure D2. Ellipse in First and Second Quadrants
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The general equations for hmin kmini hmax, kmax, regardless of the quadrants into
which the ellipse extends, are

hmin =max(hrt 1 , 0) (D7a)

kmin W' max(kho, 1' 0) (D7b)

hMAx hv*at 2 > 0 (D7c)

kmax khor 2 > 0 (D2d)

with h l' etc., in (L7a, b, c and d) given by (Die, t., g and d), respectively. Equa-
tions (D7a and b) rofer to the algebraic maxima; thus, for example, max (-3,0) - 0.

Equations (D7a, b, c and d) are the general equations for all values of the angle
0. Only four values of o, namely, 00, 450, 90 0, and --450, are used in the table given
in this report. We give in tabular form below, the values of hin, kmin, hm1x, kmax for
these values of €

-=00 o=45° 0=900 ow -. 450

hmin max(u-a,0) max(u-p,0) max(u-b,O) max(u-p,0)

kmin max(v-.bO) max(v-pO) max(v-a,0) max(v-P,0)

hn u+a u+p u+b 1+p

kv+b v+p v+a ,i,

Here, p -v it('a 4. b2 )/2. It will be noted that the entries here for 0 - 450 and
=-450 are the samne, as they should be. From (Die, b, g and d), it is seen that

kart I kho t 2' khor 2' which occur in (D7a, b, c and d) are the same for these
two values of 0.

Even though, In the program, u and v can be given arbitrary real values, it has been
assumed in th;s appendix that u and v are non-negative, as is the case in Table E3 of the
present report. For a case in which u or v Is negative, the best procedure is to determine
an equivalent case in which thuse coordinates are non-negative, as in the examples on 4

pages 20----21. S&e also Example 2, page 58, In which u and v are intcrehanged.

[ "�""44,
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APPENDIX E

IDENTIFICATIONS FOR TABLE E3

TABLE E3
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IDENTIFICATIONS FOR TABLE E3

Weapon falls in uncor- k

related elliptical normal

distribution with mean
point of distribution at C,
the origin of Chk rec-
tangular coordinate sys-

tern. Lethal radius of wea-

pon is R, with cookie-
cutter lethality function.
Point target is at random 

.00

point from uniform dis-
tribution in ellipse. Con- k

ter of ellipse is at (u: v) in

Chk system. Semi-major
and semi-minor axes are u

a and b respectively. Ma- Figure El. Input Parametersa., 0 k Fu, v, a, b, 0, R
jor axis makes angle 0
with h-axis, positive coun-

terclookwise, -900 < f < 900. uh - I throughout the Table E3; 0 < a< k G;

a > b > 0; u > 0, v > 0; R > 0. This is a direct table giving kill probability PK as

a function of ah (- I), Ok, R, u, v, a, b, 0.

Ranges for the variables are as given in Table El (also given on page 12). a
always has the value 1, a takes the values 0.1, 0.5, 1, 2, and ratio b/a takes the
values 0.2, 0.5, 0.8, and I on every page. Angle 0 takes the values 00, 45°, 90(,
-450 on every page. Therefore, the only variables whose values are given in Table El
are R, ak, u, and v. The total number of cases in the table is 59,904, on pages 61-
111. Three decimal digits are given for the values of PK' but since the tolerance e,
as discussed in Section 3, was generally 0.005, the third digit may be in error by
several units, and the values of PK are reliable to only two decimal digits.

Ii..
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Table El1. Values of R, a k) u, v for Main Table (133)

*Values Values
of of

Pages R Ok Values of u Values of v

61-64 0.25 0.2,0,5,0.8,1 0,0.5,1,1.5,2 0,0.25,0.50,1
65-68 0.50 0.2,0,5,0.8,1 0,0.5,1,1.5,2 0,01.250.50,1

69-72 0.75 0.2,0.5,0.8,1 0,0.5,1,1.5,2 0,0.25,0.50,1

73-80 1 0.2,0.5,0.8,1 0,0. 5, 1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

¶81-88 1.5 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

8-96 2 0205.81 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1
(See Note)

97-100 2.5 0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

101-108 3 0.2,0.5,0.8,1 0,0.5,1,1.5,2,2.5,3,4,5 0,0.25,0.50,1

109-Ill 4 1 0,0.5,1,2,2.5,3,3.5,4, 0,0,25,0.50,1
4.5,5,5.5,6

Note: For R -2, u k =0.2: v - 0, 0.25, 0350, 1.50;

But forR- 2,u h 1- 0.5, 0.8, 1: v --0, 0.25, 0.50, 1

We give two examples of tile use of the table. In Example I ..,ereils only a
* trivial scaling problem. In Example 2 we must interchange the roles of h and k and

make corresponding changes in u and v, and Interpolate with respect to v. See also
several examples in Section 3, pages 20-21.

Example 1. A bomber fies east along the h-axis (see Figure El) and aims a
bomb at the origin C. The bomb falls in an uncorrelated bivariate normal distribution
with dispersions a h - 250 ft in range, a k n 125 ft ini deflection. The lethal radius of
the bomb Is 500 feet. A point target Is at a random point from a uniformn distribution
in the ellipse shown, with center at u =375 ft, v a250 ft, semi-axes, a - 125 it,
b = 62.5 it, with the major axis inclined at 450 as shown. Find the single, shot kill

probability P K

.........................................7
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Solution. We must normalize by dividing all distances by ah = 250. The unnor-
malized and normalized values of the input variables are as follows:

ah Uk R u v a b
i -,I- - -

unnormalized 250 125 500 375 250 125 62.5 450

normalized 1 0.5 2 1.5 1 0.5 0.25 450

On page 91 of the table, epiterlng the table with the normalized values of the variables,
we find that PK - 0.540. Since the tolerance e is 0.005, the last digit Is in doubt, but
the flgures 0.54 can be regarded as reliable.

Example 2. Suppose we are given the values ah - 160, aU k 200, etc., as on the
first line of Table E2.

Table E2. Data for Example 2

ah 0
k R u v a b PK,

1. Original Data 160 200 300 140 400 200 100 900

2. Normalized 0.8 1 1.5 0.7 2 1 0.5 900
(divide by 200)

3. Rearranged with 1 0.8 1.5 2 0.7 1 0.5 00

a > ok

4. Tabulated Value 1 0.8 1.5 2 0.5 1 0.5 00 0.230
(page 86)

5. Tabulated Value 1 0.8 1.5 2 1 1 0.5 00 0.175

By Interpolation, PK = 0,208 for data on line 3.
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iII

We first normalize by dividing distances (all variables except 0) by the larger
standard deviation, ok = 200, producing the data on line 2. Then we must rearrange
with a h > ok, in order to use the table in this report, producing the values on line 3.
The values of ah and ok are interchanged, and, as a consequence, also the values of
u and v are interchanged from the values on line 2.

kk

f i -b * 0.5

,b 0.5

. =2 a --0o0

u • u 0.7 G -- /U 2

(a) (b)

Figure E2. Normalized Data for Example 2

(a) Line 2, (b) Line 3 of Table E2

However, a and b are still the semi-major and semi-minor axes respectively, of tile
ellipse, so arc not interchanged, but a consequence of the rearrangement is that 0 is
changed from 90() to 00. A consideration of (a) and (b) of Figure E2 will convince

the reader that these figures represent the data on lines 2 and 3 respectively, and that

the cases are equivalent.

1-However, the value v = 0.7 Is not given in the table and so we must inter'polate
batween the values v = 0.5 and v =1 which are given (see lines 4 and 5 in Table E2).
The results from the table, page 86, are PK =0.230 for v - 0.5 (line 4) and PK w 0.175
for the data on line 5, wich v = 1, Interpolating linearly, we find that for the data on
line 3, PK 0.208, Here the linear interpolation over a relatively large span, v - 0.5 to
v ,, introduces an additional error which is difficult to assess on theoretical grounds.
However, this case was computed dh'ectly by the DJH program, using the original
data (line 1, Table E2). In the computer program, u. Is not required to have the
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value 1 or to be not less than ak, although such restrictions were imposed in computing
Table E3 for tids report. The direct computation, with a tolerance e = 0.005, gave a
result of PK 0.210897 ..., rcunding to 0.211 and thus differing by slightly less
than 3 units in the 3rd decimal digit from the result obtained by interpolating in
Table E3. Since the overall tolerance was e 0.005, the interpolation introduced
only a small additional, enror in this case.
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FORTRAN LISTING OF DJH PROGRAM

EXPLANATION OF FORTRAN LISTING FOR P

Routine LDBSMP evaluates the integral

P I l 2J0 aP(h, k, ,, ok, R) r dr dePK Irai fo

with

PhI+R Rlkl+vrl• - (x-lhl) 2  r X2  y d2
P(h, k, hakR u _________exp - -R) fh- k(_h) 2 "2) y

(See page 6)*

evaluated by subroutine PKILL, where

hl-u + r cos 0 cos 0 - cr sine sin

k - v + r cos 0 sin@ + cr sin 0 cog 0 (See (2-I1))

Identifying the other variables

a is semi-major axis of the ellipso; a > b > 0

b is semi-minor axis of the ellipse; a > b > 0
c isb/a; 0< c l 1
u is the abscissa of the center of the ellipse along h-axis
v is the ordinate of the center of the ellipse along k-axis
0 h is the standard deviation in the h direction; a > 0
ak is the standard deviation in the k direction; ak > 0
R is the lethal radius of the weapon; R > 0
0 is the inclination of the major axis of the ellipse to the h-axis measured

positive counterclockwise from h-axis, -90 < <_ 90.

Routine LDBSMP calls subroutine ARIEL in the following manner

CALL ARIEL (u, v, a, b, ah, Iak, 0, R, PK, tolerance)

with tolerance set to 0.005. Its basic function is to set up the input and locate the
output.

*See also note, page 29, regarding h and k.
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Subroutine ARIEL calls the double Intcgration routine DBSMP to compute PK.
When u. = ak the routine is much faster because the circular coverage subroutine
CIRCV can be used instead of the elliptic coverage fundtion subroutine PKILL, (see
page 32).

Subroutine DBSMP i3 called by

CALL DBSMP (xu, xt, yu, y1, eps, N, g, PBXY),

where,

xu is the upper limit of Integration of x
xi is the lower limit of Integration of x
yu Is the upper limit of Integration of y
yf is the lower limit of integration of y
eps is a tolerance which is used to terminate the integration, when

1In - I !5 < eps/(l + yu - yf) (See page 23.)

where

Int approximates PK with partitionings of the (x, y) (or r, 9) intervals
of Integration and n2 is a refined partition of ne-

N is the maximum number of subdivisions of an interval of Integration
In either the x or y direction.

g Is the location of the value of PK'

PBXY Is a subroutine which evaluates the integrand at any point in the
interval of Integration.

Subroutine INLINE is used by DBSMP.

Subroutine PBXY-3 replaces PBXY in DBSMP when . a k, i.e., when CIRCV
Is used instead of PKILL.

Subroutine CIRCV is cailed in the following way

CALL CIRCV (R, d, 1, P, IR),
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where

R Is defined above
d Is the distance from the origin to a point of integration (h, k), i.e.,

P is the location where the value of P is stored
IR Is an error indicator which is not applicable here.

CIRCV uses the special functions ERF and ERFD in tabulated form. They are
defined as

HRF(t) a e" 2 dy
OF th

ERFD - 2.e-

)hl/ah < 600 WkI/ok < 600
1/15 • h 15 (See page 29)

sI
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PROGRAM LDRSMP (OUTPUT I
COMMON/ONLY1/FR(t0Z5),EPSLNPTS ,N3,N5,N7,IOPr5

I OPS~i
91 FORMAT ( 1H0,6E22.15

5 97 F OR14AT f liH)
PRINT 97
PI=3.1'.15 92653 58979

in Al-2009

SY3=1006

is R1=3000
EP3im. 0001
CALL ARIEL IU±,VIAiB3,PSXI,SY3,P3,R5,GSEPSI)
PRINT 91,qUivV19A1,83,SXI ,Sy3,P3,R3qGS
CALL EXIT

20 ENr)

SUBROUTINE ARIEL(UU,.VViARSIGXSIGYANGLEARKILLGSEPS± )

EXTERNAL P9XY vP8XY3 *
COMM~ON /TiO±/UVPHICEESIGMAXSTGMAYRKILLSNHPIICSPHI

5 V*VV
RKZLLxARKILL
S!GMAYaSIGY4
SZG1IAXSIGX
P1=3. 14159265358979

10 CEESR/A
TWOPItu204PI
PHIwANGLE
SNPHIxSIN (P~i)
CSPHI*COS (PHI

Is XUxTWOPr
EPeEP~i*PI*A*A

XL "U

20 YL=O
IF C SIGXoE~oSIGY) GO TO 1111

CALL DOBSP ( XUXLYUqYLE1,NI4AX',GSOBXY
QS=C(2*4GS)/(TWOPI*A*A
GO TO ±15±

25 1101 CONTINUE
UNU/SIGX
VuV/SIGX
SIGMAXxis
SIGMAYmie

so RKILLRKILL/SIGX
Y U.A /5!GX
EitEPS*P!*Y U*YU
CALL OBSMP ( XU9XLYUpYL9El#NNAXiGS,P9XY~3)
GSuGS/C Pl*( (A*A)/(SIGX*SIGX) )

35 list. CONTINUE
RETURN

END0
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SUBROUTINE D6SNP(XUPXLO9YUP,YLO,EPSR,NMAXEVALFN,PUXy
GONHON/ONLYl/FRA1O25ShEPSLNPTS ,N3,NSNTIOMS
Plu3.141g 9265 3S89 79
NMAX=1025

5 14332
N5u 3

NTu 0

EPSL*EPSR/(± .4(YUP-YLO))H- (XUP-XLO)/2.
LO0 C

C FOR 3 LINES
C

IYze

is HK aCYUP-YLO) 12.
D0 LOU JJut,3

100 CALL INLINE( FY, jj, IV, PU3XY, H 0 XLO, NNAX)

20 CONS 2nFR(1) +PFR(3ý
OLVAL*CHK(CGONS2+44.*R (2) ))/3.cI

C SAVE LINES ALREADY INTEGRATED AND MULTIPLY BY 2
C

25 150 PLOQ*II00 200 J*39N
L=N-J+2
NU~s 2*L-1
F R fN U) 109FR (L)

30 200 PL OnuPt.OFR.(L)
PLO.2v* PLO

C
C COMPUTE A.DDITIONAL LINES ANO MULTIPLY BY 4.
C

35 PLNuO*

HK=HK/2.,
DO 300 JJ22PN92

40 F YmY L0+F L0AT (JJ - L) 4HK
CALL INLrNE( FY, JJ, IY9 POXY, M 9 XLO, NMqAX

$00 PL NoPL N+FR (JJ
PLNx4 .PLN

45 C INTEGRATE RECTANGLE
a

rtYALFNx(HI(* (CONS32+PLOGPLN)) 13o

C TEST FOR DESIRED PRECISION
so 0 IFCABSS(EVALFN-OLVAL)-( EPSR*ABS(EVALFNf) 500,500,4(00

IF(CABS (EVALFN-OLVAL) -CEPSL ))50095909440
400 OLVAL*EVALFN

IF ( NaLTeNNAW) GO TO 150
C 500 RETURN

55500 CONTINUE

IF ( ZOPS*EQ.1 EVALFNSEVALFN,(-1./1.)*(EVALFN-OLVAL
RETURN

END

REGISTER ALLOCATION
4 REGISTERS ASSIGNED OVER THE LOOP BEGINNING AT LINE 26
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SUBROUTINE INLINE( YJJ, IZ, FqlXY, OH0, XLO, MMAXI
CONMON/ONLYi/FR(1025),EPSLNPTS ,N30NS,?,IlPS

C
C INITIALIZATION FOR FUNCTION EVALUAlION AT .5 POINTS

5 C

HzOHO
Ma3

10 XxXLO
GALL PBXYV( X, Y, ZYF 1I, ANSI
CONSIuAMS

Xu=XLG0+ H
is CALL PBXY( X, Y, IYo IX, ANSI

SUM2mANS
IX A3
X=X+ H
CALL PSXY( Xt Yo IY, 1)(f ANSI

20 CONSIxCONS1+ANS
OFR=H' (CONSi+44 SUH2)#3 *

C
C SAVE PREVIOSLY COMPUTED VALUES AND MULTIPLY BY 2

25 2¶5 PFOu2.-SUM2

C
C COMPUTE NEW VALUES AND MULTIPLY BY 9.
C

SUM4*0.

00 30 Jv2pM,2
IXNIfl.1
X=XLO.FLOATCJ-L)'#H

35 CALL PBXY( K, Y? IV* IX, ANSI
30 SUM44=SUH4+ANS

PFN=4*.OSUM4
SUM2 SUM2+SUM4

C
40 C INTEGRATE ALONG LINE AND TEST FOP DESIRED PRECISION

C
FR(JJ)x(H* (C0NS1.PFN+PFO)) /3.

IF (M.EQ.5 1 G0 TO 50
C IF(A8S(FR(JJ)-OFR)-EPSL*ABS(FR(JJf)I 40,40,599

45 IF (ABSS(FRCJJ)-OFR) -EPSL 40#40,5so
50 OFR*FR(JJ)

IF(M*GEoMMAX) RETURN
IF(IY*NEei.AND.IX9-EQoNPTS) tY=1
GO TO 25

so 40 IF(IYoE~oi) NPTSUIX
N 7uN? +M
IF ( N3.L-*M I N3&M

IF I IOPS*EQ.2. I FR(JJ)uFR(JJ)+(1./i5.)*(FR(JJ)-OFR I
55 RCTURN

END
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SUBROUTINE PK(ILL (RRR~tSXRP3YR, 94RtRI(RRESUMT
DIMENSION MNcS),KX(24,G )twZCI'..6 )

C THIS PICILL IS FOR 3 DIGIT ACCURACY.
C

'REAL KC
INTdGER 06

rJATA WNI4E4/.99999075/,TONP9E4/01 999q9/g5A/5.'52/,ASTAn/S.574/,All4 EFOOL

87929 pSQID2.i10101781,tTOI..lE-A7, EF00S
1(9 CI-9269l-.16l20939,-4-36619±9,.23a11919,.e61l2g939,.93246951, FF004

E3241*.7966664a,.9GO289S66,16~O.I,-.ga±56063,-.g9a.11?26,-.769q0267,- EFOO.

Is H-.7p54044$p-.±a 1737249 -*458eg6 739 -oE81e355 -0150123151E- Olt# 9012 EF409

J,.P51J40093,S'I.Up-.99312S6fl,-. IS39?193,..9l2234I.$,-.a39il697,-.74 FFOll

L76926521 E-819 .22778658, . 33706 09i i M86? Oct a63655368 to74633191 peA3 EF013
20 E9±F,9z34,q71s932e,~~,.g;ea,.?1as-'014

N. 93827d..55-.$88641p53 1-.820I099,..74i024l9,-.648O9365,-.5k54214?,- EFOIS
O.4S337351,-.3l5O426a,-.±gtj1Sa7,-.s4056aq3E-o1P,,4og6893g-o1,.1qlI EFOIS
p18s7,.31504268,.43?935±,.S454147,.64ao;3e5,.'?40124ig,.a2oou±99,. TP017
Q~aa4l5539.9sa2F4§5,*gv4729sse, 99916722/ EF018

25 DATA Wl/.l1v32449#6360?6sL5t,467g3.;93*t46?iSgJ393t3S6O1i5?tol73244 OF019
A9,150.0,.10l22554t,22230103, *313705665,36268378,.36268378, s3137 EFOLIO

S065,.2231O3.102aa4,L~a d,47±75354E-Ol,.oi693933,.16007813, EFill
C.ZO116?43t,23349254,.24914705o .249'147P5,.2334929.4,.20316?43,.l6ofiv F0I22
O&33ol0693933;4?i?5.336E-bl~l 2 * .o .2pl,2d.59E-Ol,.ez253SPa.E-01,.q! E'Put

30 El5asi2E-O1t..%2462897,0.~495g$9gg,.19Sqgs2,.la26oaa.2,.±fig45o6sl,.l94 KFO2i

1?25339,.1S27S339,.l4917299,.±4209e±±,.±3bSIS4,.±±aI945s,.±o±93012 IFF026

45 Jv*8 76 2E- o.62 mRI-C400RC-to~io~.L400*231 F2
K3 O-H01. 213 ifO,.4273E0 t 995S-0 oa7366E-09a8 F3

3SX*SXR

45 TEHwRiA1

H~m~fH4K,

IF(SX-S1 I120

1 swi*

GO TO---------4



IF(TEMP*TE94P-H*H-K*K) 8,86,9
6 IV(TEI4P*TEMP-H*I4-K*K) 5,7,7
7 P=1.
GO TO 75

60 a PuG.
GO TO 79

'9 F'(R - ' +AlwSX) 8,6,10
10 IF(R-K4A1*SY) 899011

ii SX2=SX*SQRT2
65 SY2=SY*SQRT?

T = WS Y4K *SX - Ai * X 2*SY
IF(T) 13913412

12 IFRR(XS+YS)TT 8,8,13
13 ASXuA*SX

70 ASV*A*SY
TE14PaR-14-ASX

14 Gz00.
GO TO 16

75 15 GD=TENPIR
16 RARYaR-K-ASY

IFRARY) 17,17,18
17 G90=0.

GO TO 19
60 18 GOPURIRY/ft

L9 IFtI1-ASX) 20,20,21
20 Gluto

GO TO 22
21 Giz (R -H+ ASX)/It

09 22 TENPsK-ASYI
2F(TEMP) 23,23924

23 GIPaI.f
GO TO 29

24 G±Pu(P-TEMP)/R4
90 25 YXUGL-Go-G1P+Gop

IF(YI) 271127926
26 RARY=SX

rEMPSH

95 U3G5
SXMSY
MxK

GOzGOP
IGO SV*RARY

I' 27 ~GlGPuG1G0

109 GjPGOwG'jP*GO
IF (GIGOP-GIPGS)32942,26

28 MP 'ADS(YI) -TOL) 31931,29
29 USU0G'gG1.6P+G1P

fm24(*G+0.1G1.r.i+PGoPGo+GipG1op)~.U'u
lie r7(T) 30,32,32
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30 SSu64 G 1GOP*GIPGO
IF(SS-T*T) 31932932

St RARY=SX
TEMP=H

L1s TaGi.
Us Go
SXUSY

120 GORGOP
STURARY
K. TEMP

125 32 Ei a SQRT(Gi)
EO a SORT(G0)

130 ASYuA*SY
IF ( EN-2*0 ) .14IY0,4.0

40 OG*4
GO TO 50

4.1 IF ( EN-.? 43942,02
135 42 0Gr3

GO TO 50
43 IF ( EN-ag 45,44,44.
44 06.2

GO TO 50
140 45 OG21

50 lAuI.

TF(H) 52,5lo52
51 Imme

145 GO TO 53
52 TH&t
S3 IF(K) 54,55,54
54-K10

GO TO 56
150 5 IKWZ

56 pace
NmNN(OG)
00 74 IaIN
TlJa (E±.-E0)*(Xt(Z, OG)+1.)/2.+EO

155 VieTI J* TZJ

KUVR*C2*-V)

XQ a SQRT(XL)
,CLmXQ- (ASY-K) P*

160 QnXQ-(ASY+K~IR
XIJ. (H-U)/SE2
xu-Xx J*xIJ
Fi a EXP(X)*TWSQPI
GO TO (57,55)o.11

L69 57 Y I Js (H U) /SX2
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F2= EXP(X)*Tt4SQPI
FIJ=FIF2
GO TO C59972,6qvIe

17058 FlJx2o*Fi
GO TO (sq,?z,69,IlA

59 ZM(L) 60,71,7±l
60 Di1m(K.R*XQ)/SY2

IF(DII-A*SQ2OZ) 62,61,61l
175 61 011uASTAR*SQ2D2

62 P1. u ERFNWL(DII)
63 GO TO (64,70)ITR9
64 D0is(-K.R*XO)/SY2

IF (O0i.A.*SOQ202) 65,#650156
180 65 08in-ASTAR*SQ2Dt,

66 P2 a ERFNNL(DO1)
IFCOD1) 67't67,66

67 Z = Pi + ABSCP2)
GO TO 69

185 68 Z=P±-P2
69 P=P.WI(19OG)*FIJ*2*TzJ

G0 TO 74

GO TO 67
199 71 Pi*WNNE4

7`2 IFMQ 63,73,73

195 3 ZzTONtqE'

GO TO 69
74 CONTINUE

200 75 RESULTxP
RIETURN
END
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SUBROUTINE CIRCV (RK9 CC, ICR, PV, IR)
rR =0
IF CR10 10, 20, 30

10 IIR 7
Is 1 PV a-19

RETURN
20 Pva 00

RETURN
40 ZR a 5

to1 GO TO Is
*to 100 0~ Is

RETURN

C D

IF (KR) 40, 220, SO

20 IF (WLOC + 6*1094.103) 209 20, 90
90 IF (W'LCC - 6o54446793) 110, 100,9 100

110 SA aA09
KFLAG -0
X aSIGN(1.,WLOC)

* 25 IF (BA - 10.) 120, 120, 240

220 IF (A - 6.5446793) 222, 1,00t 100
222 IF M~3 290, 290, 224.
224 OFF A* AA

30 SA=808
IF (OFF/SA - OFF - 40,) 2309 230, 290

230 OFF a A/B*.S
A a(1.-B)*OPF

35 KFLAG 2-1
B3A a A*8
WLOC a A-98

C
120 S aERF0(.?0?106794A)*ERF0(.7071067808)

40G OE A*A + 5*8
0D0 (2*/DE*MA)##t
Q :A8SfWL0C*(A+5)fDE)
20 a *853986t6S

45 Z2NM2 = Z0
W2N142 a WOl
SIG8 a 0.
IF CKFLAG) 130, 160, 160

c
IF (C-10OD.) 140, 150, 150

SO140 ZRNN2 a log/C45A)2 * Z2NN2
OFF a 0D402NN2
142NM2 a(OFF -*5/C#OFF) - 4*IDEC *10) *ZZNNZ*Q

55105 * W2NP42.SZGB

124
..

4.-'ý

. . . . . . . . . . . . . . . . . . . . . .



IF (ASS(WEN1I2) - 0000005) 150, 150, 130
ISO PV No SIGS3

RETURN

60 160o SIG'A a0.
±70 C a 0+1.

IF (C-1000.s) ±80 200, 200
18D ZZN'92 a (8A,*C 4 .5)*4 2 *Z2NMP

SIGA v Z2NM2+SIGA

E5 OFF v 00W2N?42 (*D* * ZN2
k42Nt42 =(OFF - *SIC0OFF)- I.0C.1)P2N4Q
s166 a W2Nt42 + SIGS
If CA8S(W2NM2) - .0000005) 19O, 190, ±70

190 IF (ABSC22N2 . .0000005) 200,200,170

70 200 OFF =io-ZO-SIGA
PV a(NO4 + SIGSI*X 4 0FF)*oS

75 RETUPN

2140 OFF A9S(*?7071078*WL0Cl
?sSA ERFO(OFF)

Se -ERF(OFF) + Is
S W.SA
SO SQIRT(2.' BA)
SIGA v SQ*SA

so 142N142 a *25*SA/SQ
Q r (A+f3)lS0*S9**7?O

1O678

sirGu 2 Q
OEuASS((At9)/S*WLOC)

00 x WLOC/S*WLOC

as 250 0 a 0+t.
IF- -i~o)20 260, 280 i 7

260 WLOG a 0*00
Q = E*WZNM2 + 9S/C*WLOC - LOC
SI1S8a0 + SIGS

90 ZZNti2 m(042, - 1.)*N2t4N2
SIGA = 2N142 + SIGA
l42Nt2 z (*S+C)I(j.+C)*ZZN1q2/S
IF (ASS(0 - .0000005) Z709 270, 250

270 IF (ABS(Z2N142) - .0000005) 280, 280, 250

9s pri 0 PV z ((I*.SZ38)4X - SIGA/S + 1*) 0 5
RETURN

C
290 0FF u *?07106766A

SA u ERP0(OFF)

100~ $8uit-ERF(OFF)

WLOG a SQRTCOFF)
W2N142 a *353s,53391AS9/WLO0

Q.SI/ULOC

tag SIG 0Q
SA & SA*B/O!F
Sa a 9*98/FF
0FF a SSIA**2

300 C C 41.
LLD IF (0-1000.) 310, 320, 320
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3i0 WLOC =Q*S8

0 a SA*WZNN2 + WLOC**S/C -WLOC
SIGS = +4SIG9
W2NM2 (2e'C-1.)*W2NM2*0FF*(G+.5 /(C1.

it5 IF CADS(Q) - *0000005) 320, 320, 300
320 Pv a 1.-S!GS

RFTURN
ENO
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FUNCTION ERFMX
DIMENS:0N4 TERtA(415), TEROI*,51)
DATA (TERACI), lu1,12S) / Leo 13*.9999999999 6#.q99999998,
1 50#,99999997P 1**99999996, 2*499999995, 2*9999999941

5 4 20*991991993, 2.99999999?9 .99999991, .99919990,p 2*.99999989,
3 09$9991881, 0999*99679 .9"999906,1, .99999985 .99999983,
I. .911909'*21 .994999981 4 "999079t .99999977, .099999976,9
5 *99999974, .99999972, 099999969,0 .91999967, 099999964t
6 .999999620 .99999959, 99 C999156, .99999952# .*9 499999 4 9t

10 ? :.I99g994.5, .999999409 .99999936, .99999131, .99999926,
a .91999zo, .699999914, .6999999da8, .999999011, 0999996939
9 .9999988P .o999998779 o999998668, 999999656# e999996489
1 a99199837 . 9999952S, 999999$129 .99999798, 099999784,
2 .99999768, .A99999751, .99999734, .9q9999715, o99999694,

is 3 099999672t *.999.99649,p *99999624, 499999SI96, .99999570,
4 @99999540, e99999507, s999994739 0999994361 .99999397,
5 .99999356, .99999311, *99999264t 699999254, .99999160,
6 .99999103, o999990429, .99998977, .99998908, .99998631,
7 .99998757, .99994674, .99998586,t q99998492, .99998392,

20 S &9099682869 699998173# *9q9980530 .99997926, .99997791,
9 a.99997?6479 .9999?495, .99997333, a.99%971629,4199996980,
i .991996787, *99996982t, "99b9365, t 6999q613#49,941995890

DATA (TERAM vI) t.26,22'3) / .99995632, .999953969 .99995061',
L .99994760P,.999944349 a992940909 .99993725, .99993339,

25 2 t19999293to,.999924990 .99992042, .99991559, .99991048,
3 4,99990508, .,99969938, .9998933s, 4949886999 699988026t

*4 6'.99867316, .99986567, *999897761 .9g994941, 099981.0600
5 .9996313i, .99982151, 099981118, 69996100299 .99978881,

* I6 .9l9977671 .99976397, .99975054, .99973640, .99972151,
30 7 999970584, .99966934, .99967198, .99965371, .99963450,

8 .99961429, .*9991J93051P .9q9957071 &999547Z49 .99952257,
9 .99949665, .999469429 699944083, o99941060, .99937928,
1 .91934620, .99931149v 09q9z7506, .99923686, .99919679,
2 ,999t54?$, e99911073, .99906457,. .99901620, s998965910

35 3 .99591242, .99885682, .998179861, *998737661 .999667347,
4 .99860712, .99853726o , 99846423, MO9983973 .9983079"
5 .99822444, .99813715, 999804594t 09979506s, .99785111,
6 .99774715, .99763861, .99752529, .99740702, .9972"361,
7 .9971548st .99702053, .99688046, .194673141, .99658215,

40 8 .99642346*, 996R98lof .99608581, 0995906391 099571949t,
9 e999524839 .99532227, .99514114 o994692 00, .99466372,
t .99442628, .99417933, o99392257, .9936S565, .99337?623/
DATA (TERACI) p l224,321) /0993069949 699279943, *992479329

1 099215622, .99162075, .991472499 .99111103, .94073959,
45 2 .99034681, .96994516, .989524549 #98909050, s986640559

3 6986817420, .,987690944 .98759028, .986667167, .98613459,
4 .90557890, .98500283, .98440701, .96379046, .963LS2599
5 098249279, *9618101449 .98110492, .98337559, .97962178,
6 .97884264, .97803809, .97720684, *.q763463$, .97546202,

50 7 09197454701 9973502631, .97262812, 097162273, s970565699
Il .959$1621s .96841390, .967276743, #96610515 .9b489765,
9 .96365407, s902372909 .96M05M1 .95969503, .95629657,
± .95685725, .95537618, .954552441 .952265±21, .95067330,
2 .9490104, .94731240, aWMP644P .94376220, .941903729

55 3 *94001503, P93169616t *93606312, .93400794, .93189963,
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'. a92973419t *927513639 o.925235949 *922900139 .gaa5sos,
5 091805010, .91553388, U9295951, .91631398, .907608290
6 .90483743, .90290040, .89909620, .8 9612384,9 .89304233,
7 *889970670 .a18678?89,s .88393301, .88020507, .67?60310,

60 8 .87332616t .86977330, *866143599 *861436119 o898649"9,
9 .89478421, .85083802, .84681050, 484270079, .83850807,
I .81423150, v82987029, .8?542365, .82089081, 081627102/

m ~ DATA (TERA(IM 1.322,419) I .81196356, .8116676721 .600188283V
I 879690821, @M9843290 0?866873z, 678143985# .77610027,

65 2 .77066806, .76514271, .75952376, .75181079, .74800328,
3 .7421009, .73.10345, .7300104, .72362161, *71753675,
4 .71115563, @70467808P .69810394, .69143312, 9684bf,55I5
5 9677801199 .67084008, .66378220t .65662770, .64937669,
6 .64202433, .43458583, &62704644, o61941146, .61168S12p,

707 .60385809, 959193650, .58792290, 0579819811 *571615760
8 .56332337o, o55493925, .54646410, .53789863, .52924362,
9 .52049988, .51166826, o$02749679 .49174%05, 948465S939
I o47548172, .46622512, .45688669o a44746762, *43796909,
2 o42839236,g .418?3870, *411900945, *399EQ598t .38932970,

75 3 oJ?9382D5, *36936453, .35927865, .14912599, .33890815,
4 v 3 2862676', .'318263509 .30788007,. #29741822# .286689972,
5 *2ý632619P .'26570006, *25902260t @24i42959L, .23352Mq,
S o22270269, .21183959, .211093584, .18999246, .17901181,
7 916799597, *15691i703t .14586711, .131,75835, .12362290,

808 .11246242, .i161281059, .090078126, .07885?72a1 4067621594,
9 0056371978, .045111106, #033841222t o0225641759 *0112834169 G./
DATA ITER0411# 1.1, 78) / *18111U9E-08, .19816862K-O89

1 @21676596E-08, 9237061L8F-08, *25920474E-08, *28136002e-08,
2 *.30970439E-08, .13343033E-089 *36974673E-c8, .40388018K-080

a5 3 044107647t-08, .48160210K-DO, aS25?46039-08, o573821441E-039
4 9626167729-08, *64131926CE-08, 4741074359-089 @61266442E-089
5 o 0460 89779.-0 8: o.9659559DE-05t :1052510?E-07, .114?244'F-117,
6 * t24'981939l- 07, 136 $467'3E- 0 7 v1482697'.E-U7, 916143994.E-9J7,
7 * 175744849-0Olt 19SE79DIE-07, 920814463IE-09 * .226452 0 4E-071

90 8 e2463204LE-07i 92676?84LE-D7, o 2912 E496!E-0,' .3166297TK-fl?,
9 @04413471-07, .37395414E-D?, .40627618K-07, 94411U364E-O7,
i .47925517K- al*520366149E-C 7, 656489121E-U7, ob1310313E.O7o
2 *.66529674E-07, .721789231E-07, *78292207E-07# .84906281E-D7,
3 o920606941-07, e9979199311-U7,t *10816394E-06, *11720?76E-O06,

95 4 .12698235E-05# o137541.68K-OS, .14S9Sb5-06, *1612609&E-06t
5 .17459139K-06, .18896240K-OS, .204475487-06, .2P22187E-0O,
6 o23925327K-O6, *25877218U-06o o2?79724SE-06, *30245997E-06,
-7 032689796E-069 @353240'13E-06, .3816i2867K-OS, .41221624K-OS,
a .44516637K-OS, e48065419K-06, .51886725K-OSt 956000632E-069

100 9 060426629E-06, *55193709E-CS, *70320473E-061 *79839232E-06,
1 9 8i766120E- 061 9 814 321 9-08 .94998679E-OS, .10236686K-US
DATA (TERDfIb~ 1.79,156) 9 .11028445E-03p 011S7906OP-05,
1 9127921'41E-09, .13773933E-05, e14827416E-05, .159998281K-OS,
2 a.17171961K-O0Sp .184742S0K-OS, .19871328K-OS, e 21369?6 U-8 99

t05 3 m.22 V76636EK-OS 05924699374K-OS, o26545968K-OS, o285249L4E-05,
4 .30649217-OS, .32916626K-OS, .35349275K-11S, o3?954113E-059
5 .46742749K-OS, .43727530E-05, *.4692 1589K -O 0 .50 338887E-US,
6 .53994268K-OS, .57903503K-AS, o 62 05335 3F -05, .66551620E-OS,
? .71327211E-OS, ef6430199L-05, .81881894K-OS, 4877O4910r-ost

110 a o93923243K-09, si005623SE-04p,IOY06492if-049 41SU22461-049
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9 912328243E-04p e13l $912 7F-O 4e el4t0739GE-0'., si50863E-114,
I. i6130192E-049 .1724276 8E-04, .18426397E-049, *iq691613E-04,
2 a 21037210E- 04P a 2247O26 3~-O. -04 2399613SE-04t *2562O090OF-04t
3 *273493S1E-04, e291 69025F-0 4# e311462V7E-014v .33227997E-0'.S

11s 4~ 3544 1431E- 04P .37795604E-0ý40 o40297536E-049 v 42 915570 E-0 4p
5 14fe~820SE -049 *48783532E-04p. v.519736O!E-C4t 053564.29E-049
6 *56950187E- a49 .62764699E-041 * 66812674F.P04, p a110* 49.OE-0 49
7 * 7566-326?E- 04, p*8049481?E-04t *8561776SE-04t 99104851.ZE-04t
5 e 968044.34E~-049 .10?M3eE-03P 9i093652iE-03, *11620929E-fl5,

120 9 912345%9SE-039 .131LUV4E-03o 913929305E-03t 914784919E-03,
i *1969'4499E-031 #16696619E-039 s17674231E-aI, .18790262E-03/
DATA (TERO(V p 1.157,234) i *19886724E-03, *21090154E-011,1
I *22360761E-03, @2370;144EK-039 *M521069E-O3, s26618533F-031
2 628094~97E-039 #2'3e6s~859SE- 39316300133E-039 *33488686r-039

125 3 *39449449E-03t #37gi7SD8F-C3# .396962?'.E-03'p .I1997400E-031,
4 o41420794E-03, e46974632E-0 3p o49665360E-039 *52499713E-03,
5 * 5548 4722E- 03P o$862772SE-03, 6619363?SE-03, .oS5416671E-03,
6 *6908293RE-03p *72937855E-039, 769392476E-039 e826t29?47E-O3p
? .85739992E-030 *90450949E-03, 0954027786-039 *100S055E-02P

130 a 01060709DE-02, s11181a759-0a29 *11783764E-02V #124161,55E-029
9 0 130a0500E-02p a 13??7304L-02* e14508!32SE~-02l, *152V578..02,
I. 0160?91371-O2, #16922136E-02t .ITSOT77E-02,q 0tI711C0OE-02,
a 1197'204SE-021 4207181.09E-12P o2l?828'.2E-029 o 22897',483E-0 29
3 .240641369-0 2v .2528528.57'.- 02 at026563089E-02 oa 2789988GE-02,t

135 4 02929609SE-ORP .076o23OF-aZ, e3228867LE-929 e338!l67DOE-02o
5 *I5f5564S7K.Q2, *37301092E-02, e 39123a.73E-02t *4102608E-2
6 #4301486~9E-029 s45088292E-02, .472S3306E-029 R49OL2374E-02,
7 e 5186906.E- 02# *54317969E~-029, .56a90*2E- 02P it59562287E-42,
a 6623471.d.O-02t o65z.9776C-9 t, *f0273562E-02, s?1423l9OE-02,v

010 9 0 74'?03176E- 02P 076LIOM6-02, # 816?2930E-02p *a5372378E Oat
L oaSt21591F-029 o93225623E-029 *9?389910F-0zp *101MO98E-01

DATA (TERD(!), 1*235o312) / .1062210SE-O1, B1105993OE-r019
I 611576041E-0l, .12081043E-019 *i26a5554.f-Olv *1.3150207?E-fLI,
2 0 1375650E-01, *914302545F-Oi, s*14911571E-,Ol, o15543422E-01,

145 3 .161988069-019 468 7844 6F-I1 .o 1756306$E-Ol, *L33482E-01,
4. 4*1c0?o02-ne1, o19854636L-O19 *9166698SE-019 *21508270R-Ol,
5 o22379324E-019 #23280999E-D1. *24214158E-Ol, *25179O85E-U1,
6 a 2616475E-01, o2721144±E-51o *282?9510E-O1, *29383624E-Olt
7 a.36524740E-nis *31703831!F-0 to e3MqIaaiE-O1, *341?9692E-019

150 1 *3S478877e-Dit *36S1986SE-01, *38203097E-0I, * 3963202&E-.019
9 *4110531BE-D'it *42621.S5IE-Git, .44±91723K-DI, *408f702?E-019
I *47471S?9E-ci, #49187401E-Di, .50954726E-Ol, .527F4996E-O1,
2 *5'.649361E-Dit .56578979E-Ol, 958S65016E-D1, .60608644E Dig
3 o62711040E- Olt .64873390E-Dip .67096878E-O1, 969382697K-Cl,

199 4 9?113204DE-01, s?4i4610O1E-01, *7662boaii-oit *9173173E-01,
5 0 811'50571E- Oil *8447.3470E - 0 p .8722905J9E-01, e.,Oassii4-019
6*.9299704&E-01, &95931799F-Ol, *98961951E-Ol, .1021fiSE+0I,
7 ei0531307E+009 * 10*59632E 400 Do e1199954E4U00 a 11940 383 E+ 0,D
& *113930293E+ O0 *1229400DE+00P e 12623402E+60, t e300134DE.009

160 9 o1336791SE4009 *L378322 ME*o s,.1U.1S7371.E+0ot0, 1I600451K.00,
I *isoez229SO,40 .19453761E+00# *±5894ME+089 *163431562E+00
OATA (TERO(!) # I313,390) / *16802916E.OS,' *1727140MO+00
1 *1?749413E+009 91623b999E*IS, 61673423RE+00v e1921.1173E40Ot
2 *19757680E+0A, *202844O6E+00, *2U820799E+900 e21367101E+0Q,

165 3 *21923353E.00o *2248994?E+I0, .23069833E+009 9236921E.0
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4 *24246443E+0Oo a 2485483$F+00,o *29471302E+Do, 0260397837E+009
5 0 26 73'435E*U00 a 273u108 4E+ I0, 1 28037767E+00, .2870445?E.OO,
6 . 2938i124E+ 00p .3fl067728E+0Oot *30764223E + 00 # 3147O557E+00t
7 :1218661I7E401t :3291249?E400: :3364796CE4001p a3439297$E+00:
9 0 3S297990.9 +00 9 31905S154E+0 09 *39a6714o~r+00 e49684713E40O,
I * 415107569+ OOP *42345asa8.u0 D ok3±8?55?E+00, a.4403?79M.+DO I
2 *I4a.SG'167E,5fl, s45761 2W 0O, 0 1 A63'SOSIEsOD .0147515331E.00,

3 4 a 402546E +0 t0, *429W'i67IE40O .5U1996657E410U OS11034?IE.O00
Lys 4 :W941 SCSI E+ 00l 1 2933438Ee00 Do 538SN079E* 00 *54?86q?2k+O0fl

6 *59's69579E.@O, oG0492167E+ou, s6140875e.D0, .6236S006E.00,
7 *633295A'E400p .64293107E+0U, *652lS24?E+000 *6622462BE4009
& eS7111851E+UD, ebS1596286-+Q0, *69127485E+009 *70095067E+000

ISO 9 o?10619?$E+Q0*0,.2027S1.9E+O0, .72992I86E+O, *739946?6E+0O,
I *74914872E4+U, .Tga?23§&E+00 Do 7682G714E*00, .7777751 6E.0OOI

OATA ITERDI!), I I391,45) / e?8?24343E.400 9 .79666759E400,
I *80604334E4.0, .61536533E+0pg 9524e63224E+009 @63353665E+009
2 06429761$E+00: *3990434ý441 [I , .P10~3703F+D0, *8699515SE+00,

Lo5 3 e18?88258E.,OO, a87 52973 K+ 0 0 *69617662E+0D, *904 73087E +0 0 0
4 *9L3l6411E+00. u 9215 320U1E+ 0fa 092'377025E+009 093769454,E+00,
5 *94599063E4,t009 99537842 7 E 0 0 *9.154139E+009 *9*916796E400,
6 *9?66589sf+QO, 0 9840±143E+ 00 of991f1ODE.O0, 099682371F~0fl,
7o *100!195?EBio a10119963IE4i' j*10185522E+019 410249894E4@1,

190 a 910312609E401, s10173633r+O1, 9*10432932E4Uo 9104904F1E+Ulo
9 $10546218E+419 .10600141E401, ol0692209E$01, *10702393E+0lt
I *10750O662Efr01, si0796969E401, iD.S41346SE*Dlp *oIDSS3iV2f*01
2 @10924096E4Qo1 m1096i23s7E4U1, eiOg98593E4U1 ' Dv l032?4tE#01,
3 GlI064703E+01, *11094698E+01, .11122469IF.+01 *l114&O6IE+O1o

195 4 *11116 I *11192 762E 0 1, W1ILG10aEs0Div *1122863GE~01p
5 *1L243tI.3e401t eII25561?E+01 *1655E.1 *11273641E.Co1
0 .11279279e4o1, 911282663E+Dlt *11263792E+91 I
ERF w Is
ARGNX it4e14

200 Go TO 10
ENTRY ERFID
ERF !m 0.
ARONX au~e

to V WADSMX
205 SIGN m 1.

lFcX*LT*Oe) SIG~N -*-.
IF (APGMX aLE* V) RETURN
L IOO@`oV + 95
XI *01*FL0AT(L)

210 DX gV-XI

J 49i-L
If (ERF) 20P 30, 20

20 ERF WCERA(J-36) + TERO(J*QX~f(L.-DX*X1))*SIGH

RE TUR N

RE TUR N
END
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SUBROUTINE P9XY (XpY,IX,IYqANS)
COMMON /T1O1/UVpHICEESIGMAXSTGMAYRKtLLSNPMICSP41

T luCOS(X)
5 T3=S.14(X)

AxU.R*T 1*CSPH !-CEE*R*73*SNPHI
9*V+R TISPICERT*SH
AmA9S (A)

to CALL WKILL C RKILLqSIGMA~vSIGMAYqAoqAllS II
ANS*R4 ANS
RETURN
END

SUBROUTINE PBXY3XtYtlXtI-YtANS)
COM4MON /Ti~l/UVPH1,CEE, S!GNA)XSIGMA'VRKILLSNPH1,CSPHI

91 FORMAT ( iHGYSH RXRE17, 29H4 CIRCY HAS BAD INPUT VALUES
RatY

5 TI*COS( X)
r3~sINCIX)
AuU+RTi*GSPHI-CEE*R'T3*SNPHT
9xV4RIMT1' NPHl+0EEI0R*T3*CSPHI
GlxSQRT ( A*A8489)

to CALL CIACV ( RKILLO1,IA4Sv!R
IF ( IRsNE. 0 )PRINT 91PIR
ANSwANS*R
RETURN
END
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